1. INTRODUCTION TO ANALOG FILTERS

1.1 a Transfer function ( in Swedish: 6verforingsfunktion): H(s) = %
+
Frequency response ( in Swedish: frekvenssvar): H(jo) = _.|_M 3
®
Magnitude function ( in Swedish: beloppsfunktion): [H(jo)| = —2—
Jw2+9
Phase response ( in Swedish: fasvridning): ®(w) = arg _|LW 3 W\ mﬂm:A%v
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¢) The inverse of %xﬁm:u where X(s) =1, is not included in the Laplace tables. Use the fact, see
Table and Formulas for Analog and Digital Filters, that

d* ‘ 1 i dit d

%xe <> sKX(s) —sK~1x(0) — .Mmm E_Jxar “0 fork=1,ie., %xﬁc <> sX(s)-x(0). We get

1=

from entry 11: x(t) = L1 % = e-3ty(t) and L1 %ww = W_.L %w +x(0) =

= %T&E?Z +x(0) = —3e-3tu(t) + 8(t) Note there is an impulse 8(7) at 7 = 0 that is not visible

in the diagram.s(t) = L1 s 11 e-3tu(t)
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ST - _out = ot
¢ H(jw) Via(®) g, L joRC+1
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1 =1 . It is a lowpass filter.

H(jw)| = 7

joRC +1

J(wRC)? +1

D(w) = m_‘oﬂav = —atan(wRC)

d) See Figures above.
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b) Apoleats = -1 andazeroats = «.
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e) t(w) = —P(0) _ aan(RCw) and AQASV = 0P(w) _ %N See figures above.
w w Jw 1+ (RCo)
1 = 1 1 1 A%
h(t) = ==e RCu(t) and s(t) = L1 22l = 1-1]2__2 1| - [1_¢ RC|y(t) wh
D ® RC u(®) and s(t) S+as S s+a u(t) where
a = 1/RC See the figures above.
1.4 a)
V(S Jjo
) He) = <9_%vv = xp = %mmop = mH
in R+ — + =
*sc **Re
Apoleats = — - and =0, ie. a HP fil —
nomm:mllﬁ and azeroats =0, i.e.,a ilter. RC
H(jo) = <9:A._8v _ R - . joRC
Vin(jw) m+% joRC+1
joC
P(w) = wwmﬁm:ASxOv See the figures above.
m\ atan(wRC) @AW|m~m38movv c
Sﬁul‘msma@ul = mm
® do (0RC)* +1
¢) h(t) and s(7). See the figures above.
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b)
-1.25
1.6 A(w) = -20log|H(jwy)| = 1.25= |H(jwy)| = 10 2 = 10-0-0625 = 0.86596
_40

b) A(w) = ~20log|H(jog)| = 40 = |H(jwy) = 102 =102 = 001

1.7  Gain=0.75/0.5=1.5 and Phase =5.2-0.4 =4.8 rad
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Magnitude function: [H(jw)| =

(13- w2)2 + (6w)2
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Phase response: ®(w) = argl —2=2" | - arg{9— w2} — arg{13 - w? + j6w)
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Group delay (in Swedish: grupploptid)
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d) Impulse response (in Swedish: impulssvar)
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H(s) = S8 g, -Bs-4 _,. -325) . -2(2)
s2+6s5+13 s24+6s5+13 (s+3)2+22 (s+3)2+22

LHH(s)) = 8(t) + (- 3e>"(2c0s((2t) - 3sin(21))) — 2>"sin(2t))u(t) and

h(t) = 8(t) + e=3{[7sin(2t) — 6cos(2t)Ju(t) or use the function
[h, dirac@, t_axis] = PZ_2_IMPULSE_RESPONSE_S(G, Z, P, t_axis)
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There is an impulse at # = 0 that is not visible in the diagram.
t t
d) Step response (stegsvar): s(t) = .‘,:Qv% = ,72:+muwﬁzw_imc|mo©ﬂw3?§5% =
0 0

= ut)+ AWTNSW:N: ~3sin(2t)] + Nv -3t mHHw.TwaQ: +25in(2t) + 3]

s(t) = Wi:+?w%wlwsmﬁc\mm_iﬁgic Note that s(0) = 1

or use the function [s_of_t, t_axis] = PZ_2_STEP_RESPONSE_S(G, Z, P, t_axis)
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b) In order to retain the wave form of the input signal. Constant group delay implies that the envelop,

i.e., the wave form is retained. Of course, the wave form is affected if significant frequency
components are attenuated. It is important to have small variations in the group delay in application
where the interesting information is in the wave form, e.g., EEG, ECG and images.
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b) @(0) is always a multiple of 7w and @(x) is always a multiple of /2. The area is therefore a multiple

of 7/2 and depend on the poles and zeros. Each pole contribute with the area /2 and it is mainly
concentrated in the frequency range around the pole frequency, w,. If the pole is close to the jw-axis,
the main part of the area is concentrated at the pole frequency, while for poles far way for the jw-axis,
that area in distributed over a larger frequency range. Zeros in the LHP contribute in the same way to

the area, but zeros in the RHP contribute with a negative area. Zeros on the jw-axis do not contribute
the any area.
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¢) The step response is obtained with: X(s) = 1/s.
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¢) The step response is obtained for the input: X(s) = W % 5 7 A . 0
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Y(s) = H(s)X(s) = == +
©) (SIX(s) (s+0.4)(s+05)s (s+04) (s+0.5) L15
=>s(t) = (~4e 56 Yt
The impulse response is h(t) = %mﬁv = (0.16e04t_0.25e-05t)y(t) 116) H(s) = Vour(s) _ sL _ s’LC _ s2
Vi) ryLyst sLc+sRC+1 s24sRy L
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b) A complex conjugate pole pairat § = — R + Amv 2 -1 and two zeros at s =0,
05T 2L 2L LC
y G =1, i.e., a HP filter. The pole-zero configuration in the
0 s-plane is, if OmN < 4L, according the figure to the right,
or as in the left figure, i.e., two real poles and two zeros
| : | | ats=0if CR*>4L.
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114 a) H(jo)| = jo_ 7 S - M, Hjo) = 3 G = R
03-w2+jllo (0.3-2)? + (L.1w)2 in x+_.8|o+_e_. o LC-joRC-1
D(w) = arg{H(jw)} = arg(jw) —atan AEIV =n/2 |m~w:A|Ev d) Figures
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1.17) A filter that has the smallest phase, i.e., all zeros L/ o
IP 0.3+1.2w02
Group delay: Ty = - o = H.Hi are in the left half of the s-plane or on the jw-axis. X X
@7 +0.610%+0. For example, two filter with the transfer functions o o o
b) Hypingas() = (s+a)/(s+b) and Hyqur(s) = (s-a)/ ; [ }
_ , , 1.16a) , , (s+b) where a > 0. [¢] o
5 b) X
£ Minimum phase mum phase
<
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Z0.5¢] 1
mw 1.18 a) Minimum-phase => all pole and zeros in the LHP or on the jw-axis =>2, 4 and 6.
2 b) Allpass => every pole have a zero symmetrically on the other side of the jw-axis => 1 and 3.
o 3 : - s 0 ¢) Stable => no poles in the RHP or on the jw-axis => 1, 2, 4 and 6.
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s2-25+2
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b) H(jw) = 1
arg{H(jo)} = arg(- 02— 2jo +2) — arg(- w2 + 2jw +2) =

o mﬁmsﬂm\\%ﬁwmv - mS:ANW|a“LNV = \Nmﬁimm|ﬁ“mv

a) H(s) =

d) Allpass filter
e) Correct the group delay of a filter with the desired magnitude function but with too large
variation in the group delay.




