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Norms

Representation of dynamic systems
Lyapunov equations

Gramians

Balancing

Model reduction

The H> norm

The H., norm



Small gain theorem

If Gis stable and ||G|| < 1 then the closed loop system is stable if
A <1.

Which norm should we use?
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p-norms for vectors:

1/p

Ixllo = | X Ixl?
I

Most common:
m p = 1: sum of the absolute values of the elements;
m p = 2: Euclidian norm of the vector x;
m p = oo: the maximum of the absolute values.

Induced norms A
X _
1Al = sup 12Xz _ 50
x20 |[X]l2

maximum singular value.
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Singular values

Singular value decomposition
A=ULV", vu=1, viv=l|

where
(&

02
> = e R™"

On
assuming o1 > 62 > ... > 0, > 0.

(A*A)V = (UZV*)* UZV*V = VIU'UL = VX2,
which means that Y2 are the eigenvalues of A*A.

Numerically, this is not a good method to compute .
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Singular values

Also,
0 A u u | 0 urvr u u
A0 v —-v | | VZIU* 0 Vv -V
U -Ux | |U U > 0
lv v | |V —V 0 —X
and, consequently, ¥ are the eigenvalues of

|« 0]
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Singular values and LMis

We can also use a Linear Matrix Inequality (LMI) to find the
maximum singular value. Find the minimum 7 for which

vl A
{A* yl]to'

Here > 0 means positive semidefinite (all eigenvalues > 0).

Also,
myin{y: yl— A*A = 0} = 62(A)
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Representation of dynamic systems

State-space representation

x =Ax+Bu
y=Cx+Du

Transfer function
G(s)=C(sI-A)'B+D

Sometimes we write this as

HEEIH

or
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Serial and parallel connection

| A1 | By | A | B
oo e[ E]

Serial connection:

A1 B1 Cz B1 D2
GiGe=| 0 A | B
Ci DiCy | DiD;

Parallel connection:

A O B
G+ G = 0 A B>
G G | Dy + D>
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Lyapunov equaions

The linear equation
ATX+XA+Q=0

is a Lyapunov equation.

It has a unique solution if A och —A have no common eigenvalues;
for instance if A has all its eigenvalues in the left-hand plane.

In Matlab we can solve the equation using X = lyap (A’, Q);
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Observability gramian L,

The observability gramian is defined by
ATLo+L,A+CTC=0.

Regard the following system (u = 0):

X = Ax
y=0Cx

Introduce V, = x” L,x and take its time derivative

Vo=xTLox+x"Lox = xT AT Lox + xT LoAx
= xT (ATLo+ LAY x = —x"CTCx = —yTy = —|y|?
—_——

-CTC
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Observability gramian L,

Integrate V,

/OT Vodt = Vo(x(T)) — Vo(x(0)) / ly()|? at.

If we assume that the system is stable and T — oo then x(T)
approaches zero.

Thus -
Vol(X(0)) = X7 (0)Lox(0) = | Iy(0)F ot = 3

The gramian, L,, includes information about how much a certain
state becomes “visible” (as energy) in the output signal.
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Controllabilty gramian L.

The controllability gramian is defined by
ALc+ L,AT+BBT =0.

Introduce V,(x) = xTL;"x. This is a measure of the smallest energy
needed in the input to obtain a certain state x.

As before, take the derivative of V, with x = Ax + Bu:
Vo(x) = xTL " x +x" L' x = (Ax+ Bu) "L 'x + x" L (Ax + Bu)
=u'BTL 'x+x"L;'Bu+xT (AL + L A) x
~—_——
—17'BBTLZ!
= —(BTL;'x—u)"(B"L;'x —u)+uu<uTu
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Controllability gramian L.

The control law upt = BT L " x gives the smallest control energy.

The energy needed for reaching a certain state, starting in
x(—e0) =0, is given by
lull = Ve(x)+[lu—BLs"x|3

Thus, ||ul|3 > Ve(x) = xT L5 x, with equality when u = Ugpt.
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The representation of a system is not unique.
A|B
o= 55]
Using a similarity transformation, it can also be written as

AlB
&b

[ TAT " | TB
_[ cT'| D ]

The transformation also affects the gramians
Lo=TTL, T

and
Lo=TL.TT
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Choose T in a “clever” way such that

01
~ ~ O2
LO:LC:Z:

On
Then
G,z = A{[(LoLc) = A{,(LoLc).
To obtain this factor L, och L., for instance using Cholesky
decomposition: L, = Ul U, and L, = Ul U,. Then compute
UL VT = U,U] using singular value decomposition, where

uuT = YVT = I. The transformation matrix is given by
T=Y"2UTU,.
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An example of balancing

1 —5 0|1] [-05946 1.336 |—0.3656
STINS 0 1/0] |-03656 0.3656 | 0

with ¥ = diag[oy, 02] = diag[0.1124,0.0124].

In Matlab this is done by
g = tf(1,[1 1])*tf(1,[1 51); [gb,sig]l = balreal(qg);

Here o> is small compared to o7. If we remove the corresponding
state, xo, the H. error is limited by 205:

N ~ —0.5946 | —0.3656
||G—G1||oo§20'2, G1(S)= | :|

—0.3656 | 0
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An example of balancing

Singular Values
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Model reduction

Model reduction can be done by truncating the states that have small
Hankel singular values:

n
||Gn_ Gr“oo S 2 Z Gj
i=r+1

This upper bound can be halved by using a different scheme that
also modifes the D matrix:

n
Orq1 < ”Gn_ Gr”oo < Z Oj
i=r+1

REGLERTEKNIK
Anders Helmersson anders.helmersson@liu.se KOMMUNIKATIONSSYSTEM
Robust Multivariable Control LINKOPINGS TEKNISKA HOGSKOLA



With modified D — optimal Hankel

Singular Values
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—.G

Let e = § (dirac pulse) or white noise

x=Ax+Bé(t—0)
———
=Ax=B

Energy in the output:

V(x) = AxT(0)L,Ax(0) = B L,B = ||G|3
=cL.cT
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In the MIMO case

IG5 =trB"L,B
=trCL,C"

The H, norm can be computed by solving a linear matrix equation.
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The H.. norm

The H. norm is a measure of the maximum gain of a stable system,
G, over all frequencies, ®. That is to say

1G]l.. = max& (G(jo))
L. norm also applies to unstable systems.

H., norm cannot be computed direct (as the H> norm), but we can
testif |G||.. < 7.
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G(s) = [%'%] =D+C(sl-A)'B

Assume that ||G||.. < 7. If Gis SISO then

o(jo) =y — 6% (G(jo))
=¥ - G(jo)*G(jo) > 0,

for all w.

If y <[ Gl.. then ®(jw) has at least one zero for ® € R.
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H.. norm

=721 G~ (s)G(s) = ¥*I— G(—s)"G(s)

where
_AT _CT
G (S) BT DT
This gives
A 0 B
®(s)=| —C'C -A"| —C'D

-D’Cc -B'|¥I-D'D
Requirement 1: ¥ > &(D) = \/ Amax(D' D).

If ®(s) has a zero on the imaginary axis then ®~'(s) must have a
pole on the imaginary axis.
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Inverse of systems

We need to compute the inverse of a state space system.

The inverse of a system can be written as

—1 _ —
G () = AlB]" _| A-BD'C|-BD"!
c|D p'c | D

since ...
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Inverse of systems

A-BD'Cc -BD'Cc|-BD'D
G '(s)G(s) = 0 A B
D'C p'c | DD
A A-BD'Cc —-BD'C|-B I —1]0
—10 /|0 0 A B 0 /10
[ 0 0 D 'c D 'cC / 0 0|1/
TA—BD'C A—BD'C|O0 I —1]0
- 0 A B o /10
p'c p'c |1]Llo oI
T A—BD'C 0|0
— 0 AlB |~
| D'c o]l
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H.. norm

The inverse of the system can be written as

58] -

Let H be the A matrix of the inverse of ®(s):

A-BD'C|-BD™"
p'c | D

H=| A 0 1| B I-D'D) [ -DTCc -BT
| |-[ &)o' |

-c’c —-AT -CD
R>0
_ A+BR™'D'C BR'BT
~ | -¢c'c-C'DR'D'Cc —-AT-C"DR"'BT

If H has eigenvalues on the imaginary axis then ¥ < || Gl|w.

If H has no eigenvalues on the imaginary axis then y > || G||.
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Example of the H., nhorm

Let G(8) = g1e7"
Y eigH
10 $1/,+0.9950]
10.1 +0.0066 = 0.9975/
10.0125 +&+0.9974;

Singular Values (d

10"
Frequency (rad/sec)
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Induced norms

The H.. norm can also be described as an induced L, or /> norm.

For a discrete-time system, if y > || G| then

maxZ T(tyy(t)—yPu’ (t)u(t)) <0

for the system

o]

I
1
o>
(W]
| S
—_

REGLERTEKNIK
Anders Helmersson anders.helmersson@liu.se KOMMUNIKATIONSSYSTEM
Robust Multivariable Control LINKOPINGS TEKNISKA HOGSKOLA



Induced norms

Introduce a Lyapunov function, V(x) = x” Px, where P = PT = 0 is
positive definite:

]
Y (v () - P (u())
t=0
T
-X (y7 () = PuT(Ou() + V(X(T +1)) = V(x(0)) + V(x(0)) ~ V(x(T+1))
-
-X (y7(O(0) = PuT(u(t) + V(x(t+1)) = V(x(1) ) + V(x(0)) = V(x(T+1))
& x() ([ ATPA—P  ATPB cT (1)
_EB[ o | (| Poren” sem s |+ o Lo 21) [ 50
+ V(x(0)) = V(x(T+1))
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Assure that

[ATPA—P ATPB ]JF[CT

BTPA  BTPB—y2I D7 ] [ ¢ D=0

or
ATPA— P ATPB c’

B'"PA  B'PB—¥’I D'
C D —1
by choosing an appropriate matrix P = PT > 0.

The smallest y that we can find such a P for gives the upper bound of
1Gll

This is a linear matrix inequality (LMI), which is a convex problem.
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Schur complement

The condition
A B
8T R <0
is equivalent to
[A—BH”BT ]
R <0

This follows from a congruence transformation

TS A e [T
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For continuous-time systems

PA+A'P PB c’
[ i _’g,]+[DT][c D<o
or
PA+A'P PB CT
B’ —y DT | <0
C D —vy

The smallest 7 for which we can find such a P = PT = 0 gives the
upper bound of || Gl|«.
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