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Today'’s topics

m State-space feedback Hs
m A special case
m A more general case
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H, control — simplified assumptions

A| B B
G=|C| 0 Dp

Find a controller K that minimizes the Hs, norm from w to z.

X = Ax + Biw + Bou
z=Cix+ D1ou (1)
y = Cox + Dyw

We start by assuming that DT,D;, = I and DI,C; = 0.

The norm of z:

2Tz = (xTC1T + uTD%) (Cix 4+ Dppu) = xTCITC1x +u'u.
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LQR - Linear Quadratic Regulator

Introduce V(x) = xTPx:
V(x) = #TPx + xTPx
= (Ax + Byw + Bou)" Px 4 x"P (Ax + Byw + Byu)
Compare with the LQR problem:

[V + Ty uTu dt = Vi(x(eo)) = V(x(0)) + P+ [lul = 0.

criterion function

Here we have V(x) + z'z — y?w”w since we want to minimize
1z[13 — ?||lw||3 < 0 with respect to 7 (= |.|«)-

q AUTOMATIC CONTROL
Anders Helmersson anders.helmersson@liu.se ~ REGLERTEKNK .*.
Robust Multivariable Control LINKOPINGS UNIVERSITET



V(x) +z2'z — yY*wlw = " Px + x"Px + xTCTCix + uTu — y*w'w
=x' (ATP +PA + ClTC1> x+ulu —y*wTw
+ w!BIPx + u'BY Px 4 xT PByw + xT PByu
[completing the squares]
:xT<ATP L PA+ c{cl) x + (u + BIPx)T (u + B]Px) — x" PB,B} Px
— 9 (w — v 2B Px)T (w — v 2B Px) 4+ v 2x"PB, Bl Px
=T (ATP +PA+CIC, — PB,BIP + W*ZPBlB"{P) x

~ ~

Riccati eaaation =0
+ (u+BIPx)T (u+ BIPx) —*(w — v 2BTPx)T (w — v 2Bl Px)
—_——— ~—_———

v r
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Introduce v = u + BoPx and r = w — 2B Px. This yields

J= [ ved o+ 213 = 22wl = o3 213
N——

-

V(x(e0))—V(x(0))=0 <0if Hoo gain<ry

Interpretation:
U= —B;Px (v = 0) is the best control signal that minimizes .
w = v 2BIPx (r = 0) is the worst disturbance that maximizes J.

Use u = —BIPx as a state space feedback.
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The Riccati equation

ATX + XA+ CICy — XByBIX + 97 2XB1BIX =0
This gives

A ~2ByBI — B,B] A R
Hoo(’)/):[_cfcl 7 1_14T 2 2:|:|:_Q _AT:|

We solved this equation during lecture 4. Find the stable eigenvalues

of Heo
X1 | _ | x
w15 ]
and form X = xzxfl, which assumes that H, has no eigenvalues
on the imaginary axis and that x; is invertible. Then A 4+ RX stable.

Note that if ¥y — oo then fy—zXBlBlTX disappears and H, problem
(LQR) is recovered.
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Compare with the H,.-norm (from lecture 2)

If Hy as defined below has no eigenvalues on the imaginary axis
then ||Glle < 7.

Ha () = A+BR-I1DTC BR-1BT
<\7) =1 _cTc — cTDR-1DTC —AT — CTDR1BT
with R = 921 — D'D > 0 (y > ||D|)).

If D = 0then S
A ~“BB
HOO(’)/) = |: _CTC ’Y_AT :|
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Conditions for the existence of a solution

The Riccati equation has a solution if He(y) € dom(Ric). This
means that

m H., has no imaginary eigenvalues
m X is invertible (non-singular)
In addition we require stability, X > 0 (positive semi-definite).

We are looking for the smallest y (or at least a -y that is small
enough) that satisfies He () € dom(Ric). For instance, we can
use bisection to find it (faster methods exist).
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A special case

KSw
Wks —— 23
y Tw
K G Wr —— 22
u
D
N
Sw
Wg — 71
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A special case

Ws WsG
= 0 WrG
I G
This system can be build using sysic or simulink. Avoid redundant
states!
W — ==z
G
u Y
K
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The innovation form

We can write G on innovation form (Disturbance Feedforward, DF)
under certain conditions:
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Observer

X = Ax +Biw +Byu
G:{z= Cix +D1ou
y = Cox +w

We can design a regulator using the observer
X = A% + Byw + Bou,
which we use for generating the control signal u = —B%Xfc:

5'\C = (A — BzB%X)fC +Blw
U= —B;Xfc

with w = y — Cox (we replace Cox with CoX in the observer)

%= (A —ByBIX)% 4 Bi(y — Co&) = (A — BB X — B1C2)& + Byy
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Observer error

X = Ax+ Biw + Bou

The model error, X = X — x, is described by
¥x=(A—-Bi1Cy)x
We must make certain that A — B1C5 is stable!

A—B1C, — B,BIX | By
~BIX | 0
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The DF case — summary

If the system is on DF form (Disturbance Feedforward)

G= and D,[ D, Ci]=[1 0].
Let 5 T .
— A v B1B1 - B2B2 .
He = [ _clc, T € dom(Ric)
and X = RicH,, =~ 0. If A — B1C5 is stable, then the controller is
given by
K= A—B1C2—BZB§X|Bl

—BIX K
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A more general case

Original system

X =Ax +Biw +Byu
G:¢z=Cx +D1pu
y = Cox +Dyyw

Introduce r and v as two artificial signals in the “shadow systems”:

X = Ax +Byw +Byu
P:¢z==Cx +D1ou
r=—y2BIXx 4w

x=Ax +4+Biw +Bu

Gimp : { v = BIXx +u
y=Cx +Dyw
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Replace u = v — B} Xx:
X = (A — BngX)x +Biw +Byv
P z = (Cl — DlngX)x —|—D12U
r=—y2BIXx +w
Replace w = r + ¢ 2B] Xx:

x=(A+ 'y_zBlBlTX)x +Byr +Bou

)= BT Xx +u
M)y =(Cotq? 221B1T X)x +Daxr
=0

Here we assume that D1 D}, = I and Dy B] = 0.
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Rewriting G
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K
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Dual problem: DF < OE

A—BBIX |B; B
P = C1 - D12B§X 0 D12
—y2BIX | I 0O

A+ ’yszlB{X | B1 B>

Gtmp = BgX 0 I
C2 D21 0
Here Gimp is on a form that is called “Output Estimation”, OE, which

is dual to DF:

We have already solved this special case!
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Deriving the controller

The dual of Gimp:

AT +~72XBB] | XB, C}
Gimp,DUAL = BI 0 DI
Bl I 0

The controller of the dual

AT ++ v 2XBB] — XByBy — C3CaYimp | XBy |
_CZthp | 0

KpuaL =

Back to normal form

A+ v 2B1BIX — BoBIX — YimpCaCa | —YimpCJ |
BIX |0
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It remains to check A — B:(,

For DF there was a condition that A — B;C, must be stable. For OE
case this corresponds to that AT — CTB, or A — B,Cy, must be
stable.

Apply this on Gimp (Atmp = A + 7 2B1BI X, Bimp2 = B> and
Cimp1 = BIX):
A+ (y2B1Bl — B,BY)X

shall be stable.

This is identical to that A + RX is stable for H, (see page 10,
state-space feedback).
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A+77?BBIX| By B,

Gtmp = B%X 0 I
Cz D21 0
The Hamiltonian for this problem becomes
- (A+v72B1BIX)T 4 2XB,BIX — CIC,
mp —ByBT —(A+772B1BlX)

Compare to previous results

Ho = |: A ’)’72313{ — Bng :|

—C[Cy —AT

Not yet symmetric! (A, B, C) +> (AT,CT,BT)
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Similarity transformation on Jimp to obtain J,

Jon = | AT Y2BiB{X)T 9 2XByB]X — CICy
e ~B1B] ~(A+ 7 ?BiBIX)
_ I 72X I —92X
]oo:letmpT:[O ’)/I :|]tmp|:0 IYI ]
[ AT 472XB,BIX — CIC, — v 2X(A + v 2B1BTX)][ I —y2X
~ |-BiBT —(A+77?B1BIX) 0 I
[ AT -GG 9 *(ATX + XA+ 2XB1B{ X — XB,B} X)
| —B1B] —A

[use ATX + XA + CIC; — XByBIX + v 2XB1BI X = 0 from Hy)
AT ')/_ZC{Cl — CgCQ
| —ByB —A
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Condition on XY

o) =[]~ [y, |

X (Jwe) =TX-() =T | |

[ [

Thus, I — 7 ~2XY must be invertible, or, o(XY) < 2. Note that the
eigenvalues of XY are real and non-negative.

Yimp = Y(I—2XY) ! = (I—-2YX)" 1Y
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Assume that
D11 =0
D},[Din Ci]=[1 0]
Dy [ DI B ]=[1 0]
Conditions for the existence of an H controller with a closed-loop
gain less than «:
m H, € dom(Ric)
B X, =RicHe =0
m /o € dom(Ric)
B Yo =RicJoo =0
B p(XeoYoo) < 72
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The controller

A+ 772B1BI Xeo — BaBI Xoo — (I = 7Yoo Xeo) 1 YeoCICo | (I— 7Yoo Xoo) "1 YeoCl

K= BI X | 0
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The general case

In the general case we can remove some of the conditions that we
have assumed so far. For instance, that D11 and Dy, must be zero,
see 17.1-17.3 in ZDG.

We can remove the condition on Dy, = 0 by first designing a
controller with D, = 0 and then use K(I + D K) ™! as controller.
This assumes that I + Dy K(o0) is invertible.
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The general case

Assume that D15 is full column rank

) T
A 0 B 0 0Dy
He=109 _at| 7|0 —cr] | -2 0 [Pn
V| Dpn Do —I
and assume that D5y is full row rank
-2
AT 0 ct o177t 0 |Pn
Joo = - 0 0 |Dn
0 —A 0 —B ———
L Dy Dy | —I

0 C
BT 0

If D1, or D»y; loses rank more analysis is needed (generalized
eigenvalue problems). The problem can be solvable or it can be
badly formulated (the controller gain goes to infinity as -y approaches
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The general case

Generalized eigenvalue problems: (controller)

and (observer)

‘A—M Bi B, |
-v| G Du Dp
AT—l—/\I C
BY D1y -y
BE Do
A—Al By |
- Ci  Dn
C: Dy
AT+Al CI C
B] Di; Dy -
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The general case

Compare these with the closed loop:

i A—AlI B1 By
= Ci Du Dp2
C2 Dxn Dy —I
A—AI B
-1 C D
AT+AI CT CI
B? D?l D;rl -
B, D}, Dy, —I
AT4AI €T
i -1 BT DT |
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