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Today'’s topics
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Parrott’s Theorem

LMIs

Elimination Lemma

H., synthesis using LMIs
Bounded Real Lemma
Synthesis



Parrott’s Theorem

Consider the optimization problem

inf A B
X cC X
This can be rewritten as
-y 0| A B
. . -y C X
infy subject to <0
7,X A C*|—-y O
B X*| 0 -y
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Parrott’s Theorem

Reorder rows and columns

-y A ‘ B
A* —y| C*
Y <0
cC|—y X
B* Xty
Apply Schur complement

7] fIR 4] [ ®)
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Parrott’s Theorem

We can clear the off-diagonal elements by letting

ool 4] [3]

or, as the rank-deficient solution to

. k .
arg m)}n ran Y
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Parrott’s Theorem

The remaining diagonal elements become

—y—[o0 C][;Z _'4?,]4[3440

y-[B o][;ﬁ' _Ayr[g]<o

which are equivalent to

and

-y A B
-y C | <0 and A —y <0
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Parrott’s Theorem

which in turn are equivalent to

e[ JLca o<

Note that this approach also work on operators in a Hilbert space.
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n
F(x)=Fo+ Y xiFi
i=1
where F; = F
Let X = X7 = 0 denote a symmetric, positive definite matrix.

The set of x such that F(x) > 0 is convex:
If X; = 0and X> > 0 then also

X +A(X2—X1) = (1 —;L)X1 +AXo =0
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Maximum singular value

o(X) = X[l <v
is equivalent to
-yl X
e

In the sequel, | drop the identity matrix and write this as

FEARL
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Schur complement

is equivalent to

S—-G'R'G<0
R~<0

since, by using a congruence transformation,

[I —GTR‘HS GTH I O]Z[S—GTFNG 0

0o G R ||-R'G I 0 Ff}<0
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Elimination Lemma

When can we find a solution to
Q+ UKV +VvKTUT <07

What conditions on Q = Q", U and V are required in order to find a
solution, K, that satisfies the matrix inequality?

We start by looking at a special case:

Qi1 Q2 Qiz+K
017-2 Qo2 Qo3 <0
(Qis+K)T Qf; Qs

Note that this requires Qu2 < 0.
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Elimination Lemma

Use the Schur complement:

Q41 —01202_21017-2 Q13—Q1202_21023+K
T _olo-10T T AT O] =<0
Qi3 — Qi Qpp +K Qa3 — Q3 Q5 Qo3

where Qo < 0.

We can zero the off-diagonal blocks by choosing
K = Qi2Qy, Qo — Qi3

[ Qi1 — Q120§21 017-2 0 ] -0
0 Q3 — QL Q) Qo3

The diagonal blocks lead to two conditions, which in turn can be
rewritten using Schur complement.
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Elimination Lemma

Qi1 Q2
<0
[ Qh, Qo ]
and
Qn Qo3
<0
[ Qs Qs ]

which are exactly those blocks that remain if we delete the rows and
columns containing K (and K7).

Qi1 Q2 | Qs+ K
Ql, Qoo | Q3 <0
(Qz+K)T | Q  Qu
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The General Elimination Lemma

The problem
Q+UKVT+VKTUT < 0.

has a solution K if and only if
u.Qul <o,

and
viaQvl <o

hold.
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Bounded Real Lemma

Introduce V(x) = x" Px:

V+y lyTy—yuTu
Ty aT : T ToT
=x"(A'"P+PA+P)x+x'PBu+u'B' Px
+y ' (Cx+Du)(Cx+ Du) —yu'u

(et B[ o)1)
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Bounded Real Lemma

Integrate:

/ Vay lyTy—ywTudt=
0

= V() — V(0)
=T x 17 ([ ATP+PA+P PB T X
L] (75 B e o re o) [ ]a
=<0
Apply Schur complement:
ATP+PA+P PB CT
B'P -y DT | <0
C D —vy
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Bounded Real Lemma

|G|l < 7 is equivalent to that there exists P = PT 0, such that
PA+ATP+P PB CT

B™P -y DT | <0
C D -y
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H.. synthesis

Consider the system

Al B B
G=| Cy | Dy Dip2
Co | Doy Do

with the controller

Al B
K=|—5T=
C|D

in a feedback loop. If we assume that Doo = 0, we obtain

A 0| By B 0 A A
G=Gxk=| 0 o‘o +| 0 [gg“%?“’g‘}
Cy 0|D11 D O
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H.. synthesis

Apply the Bounded Real Lemma:

XA+ATX+X ATN+N XB; C]
NTA+NT L N'B; 0
Bl x BIN -y D],
C 0 Dy —v
XB; N T
N'B, L D Cl[C 0 Dy ©
oo o [1“3 Z\H o/ o ol" <0
Dz 0
where ’
p_ [ X N|_[ Y mM]
CUNT L] M|
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H.. synthesis

Move the second row and column to the last position:

XA+ATX+X XB; CI ATN+N

Bl x -y D], B[N

G Dy —v 0
NTA+NT  N'B; 0 L

XB, N T

0 O b ¢ Co Dy 0 O

L I [1“32\“0 o o /|" =0
N'B, L
where
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H.. synthesis

Apply the elimination lemma:

"I XA+ATX+X XxB, C] ATN+N [ A% 0
Bl x -y D, B[N Nx2 0
Ci Dy —vy 0 0o I/
NTA+NT  N'B; 0 L 0 o0
"I XA+ATX+X xB, CI [ M 0
= Bl x -y D], Mx2 0| <0
C Dy —vy o |/
where
Nx1 0
[Cz D>y 0 0] Nx2 0 —0
0 0 0 I o I
0 0
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H.. synthesis

In the same way, we can rewrite the second condition as
T

XA+ATX+X ATN+N xB; Cf Y M 0 0][ M1 O
NTA+NT L NTB; 0 MT x 0 0 o |/
B] X BN -y D] 0 0 /0 0 o0
Cy 0 D14 -y 0 0o 0 |/ Nfyo 0
;
AY+YAT—Y vc] B ﬁy‘ g
= CY — D4 Y2 <0
T ¥ o
B; Dy —r 0 o0
where
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H.. synthesis

Thus
- T XA+ATX+X XBy| CT T
Nx 0 ! Nx 0

o Bl X -y | D [o ;| =0

- L Cs Dyt | =7 |

i r[ Av+¥AT—y yCT | By ]
‘/gy (I) CY —7Y | D11 [ng (;]<0

By pl, | -
i 1 11 T

where X and Y are connected by

p_ [ X N]_[Y M
CUNT L] M|
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H.. synthesis

p_ [ X N]_[Y M
TUNT LT Mok |

from whichwe get Y~ = X — NL7'NT,
Thus X — Y~' = NL~'NT > 0. Next, use the Schur complement:

X

—
IY]—O

X-Y'-0 & [

In addition, if X — Y~! > 0 then we can reverse the argument and
find a P. Perform Cholesky factorization on X — Y~' = NN and
choose L = I, which gives P € R(")*(n+r) where r = rank(XY — /).

The controller has r states.
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H. synthesis — summary

Conditions for the existence of a controller:

a ST XA+ATX+X XBy | ¢ ]
C I R
- L Cy Diy | =7 |
i [ AY+¥AT—v vcl| B ]
Ay 0 CY —Y | D1 Ay 0 <0
0o |/ - - 0 I
i B, Dy | =7 |

where #x and .4y span the null space of [ C; Dz | and
[ B] D, ], respectively.

X and Y are connected by [ )I( )I/
and r = rank(XY — /) is the order of the controller.
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H. synthesis — properties

m We obtain three LMIs that specify conditions on Xy and Yy
as functions of y.

m Compare with the traditional solution: two Riccati equations and
one condition p (X Ye) < 2.

m There are no other conditions on the system’s matrices.

m The order of the controller, r, specifies a nonlinear condition (not
a convex problem): difficult to solve!

Connection: X/, ~ Y. (observer) and Y[}, ~ 7X. (controller).
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