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Outline1. What is the LTI approximation of a general system?2. Why does LTI identi�
ation give models with vanish-ing un
ertainty as the data length in
reases, even for anonlinear system?3. How to obtain a reliable un
ertainty measure for theestimated model?4. Can un
ertain LTI models be used to handle nonlinearmodel errors?5. How to estimate su
h an un
ertain LTI model?
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The LTI World

y(t) = G(q)u(t) +H(q)e(t)

� A hub in systems and 
ontrol theory and pra
ti
e.� Yet an abstra
tion : : :� : : : that works well:{ Good LTI approximations often available{ Feedba
k is forgiving model errors
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The Paradigm of Estimating LTI Models1. Try a model stru
turey(t) = G(q; �)u(t) +H(q; �)e(t)()^y(tj�) = G(q; �)u(t) + (I �H�1(q; �))(y(t)�G(q; �)u(t))2. Estimate ^�N and in
rease the model orders until theresiduals "(t) = y(t)� ^y(tj^�N) pass a validation test.3. A

ept the estimate as an un
ertain model with theun
ertainty given by the standard statisti
al measures(parameter 
ovarian
e matrix). For models for 
ontroldesign this 
ould be depi
ted as a band in the Nyquistplot, or equivalent measures.4. (Use the un
ertain LTI model for robust linear 
ontroldesign.)
ECC, Porto, Sept 7 2001 Lennart Ljung
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An exampleA rotating rigid body: From torque to angular velo
ityData:
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lagG(q) = 5+ 0:01q�1 + 5q�21+ 1:9q�1 +0:99q�210�5H(q) = 1+ 0:5q�1 +0:08q�2 +0:02q�31+ 2:9q�1 +2:8q�2 � 0:9q�3
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Model and Un
ertainty
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Predi
ted and Simulated Output

10 11 12 13 14 15 16 17 18 19 20
−0.04

−0.03

−0.02

−0.01

0

0.01

0.02

0.03

0.04

y1

Measured Output and 1−step Ahead Predicted Model Output

Measured Output
m Fit: 98.91%  
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What Happens in LTI modeling?A Naked Convergen
e ResultSome Theoryx(t) is quasistationary iflimN!1 1N NXt=1x(t)xT (t� �) = Rx(�) 8�Suppose the Spe
tral fun
tion�x(z) = 1X�=�1Rx(�)z��is well de�ned (with some regularity properties).De�ne 
ross spe
tra analogously.

ECC, Porto, Sept 7 2001 Lennart Ljung
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The Wiener FilterThen the Wiener �lter for predi
ting x(t) from past x 
anbe determined: ^x(tjt� 1) =Wx(q)x(t)where the stri
tly 
ausal �lter Wx is 
omputed from �x(z)in a well de�ned way.The basi
 property is that the estimation error~x(t) = ^x(tjt� 1)is su
h that the 
ross spe
trum �x~x(z) is an anti
ausalfun
tion (\~x(t) is un
orrelated with past x(s)")

ECC, Porto, Sept 7 2001 Lennart Ljung
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Input-Output dataSo, given any quasistationary input/output data z =  y(t)u(t)!we 
an de�ne the Wiener �lter for predi
ting y(t) from pastdata:^y(tjt� 1) =Wy(q)y(t) +Wu(q)u(t) (�)where the stri
tly 
ausal fun
tions W are 
omputed from�z(z) in a well de�ned way.Introdu
e the notationH0(z) = (I �Wy(z))�1; G0(z) = H0(z)Wu(z)e0(t) = y(t)� ^y(tjt� 1)Then the spe
tral fun
tion �e0(z) will be a 
onstant �0,and the 
ross spe
tral fun
tion �ue0(z) will be anti
ausal.Rearrange (*): y(t) = G0(q)u(t) +H0(q)e0(t)

ECC, Porto, Sept 7 2001 Lennart Ljung
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Predi
tion Error Identi�
ation Methods� Given any quasistationary input output data set withspe
tral fun
tion �z(z).� Pi
k a model stru
ture y(t) = G(q; �)u(t) +H(q; �)e(t)� Estimate ^� by minimizing P ky(t)� ^y(tj�)k2� Let �0, e0, G0 and H0 be de�ned from �z as on theprevious slide.� De�ne ��(z) =  �u(z) �ue0(z)�e0u(z) � !
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Limiting ModelThen^�N ! argmin Z k[ ^G�(z)�G0(z) ^H�(z)�H0(z)℄k2��(z)H�(z)dz� A \naked" result: No sto
hasti
 assumptions, no sys-tem assumptions, other than data being quasistationary,no assumptions about feedba
k.� Same expression as if data were generated byy(t) = G0(q)u(t)+H0(q)e0(t), e0(t) white noise (**)� Se
ond order methods 
annot distinguish measured datafrom (**)� Note: G0, H0 depend in general on �u.
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Consequen
es� Given \any" data set, a LTI-model of suÆ
ient 
om-plexity will always be unfalsi�ed by the standard linearsystem identi�
ation ma
hinery.� The un
ertainty region around this LTI-equivalent willde
rease to zero as the number of observed data in-
reases.� It would seem more \realisti
" if there were some \re-maining un
ertainty" in the model even when an arbi-trary amount of data is available.
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Can an Un
ertain LTI Model Des
ribeNonlinear Model Errors?Idea # 1:� Sin
e the LTI-equivalent depends on the input spe
-trum, 
an we take the envelope of all LTI-equivalentsas the un
ertain LTI model?� Does not work!

ECC, Porto, Sept 7 2001 Lennart Ljung
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Idea #2: Model Error Modelsv = y � ^Gu " =W�12 v; uF =W1uPSfrag repla
ements v
y

Gmemu
u ^G

PSfrag repla
ementsvyGmemu^G

" v~gmemuFu W1 W2

Linear ~gmem () Standard model validation

ECC, Porto, Sept 7 2001 Lennart Ljung
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Model Error Model Size

PSfrag repla
ements

w" v~gmemuFu W1 W2

"(t) = ~gmem(ut�1F ); k"k � �kuFk+ �(More pre
isely:Z T0 j"(t)j2dt � �2 Z T0 juF(t)j2dt+ T�2 8T)� ^H is a natural 
hoi
e of W2� Model + Model Error Model: A band ^G� �W1W2
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An Equivalent Un
ertain LTI Model
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Nyquist Plot From u1 to y1
G = ^G� �W1(ei!)W2(ei!)Does this work?
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Control DesignUse standard robust LTI design to design a regulator K forthis set of linear models:� Shape the sensitivity S = 1=(1 +K ^G) so that the dis-turban
e at the output W2S be
omes small.� At the same time make sure that the 
omplementarysensitivity T is su
h it mat
hes the relative model un-
ertainty:K ^G1+K ^G = T < ^G�W1W2 () �kTW1W2= ^Gk < 1

ECC, Porto, Sept 7 2001 Lennart Ljung
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The Non-linear Closed Loop System

PSfrag repla
ements

w" v~gmem^G
uFu y

�K
W1 W2

Feedba
k between ~gmem and KW1W21+K ^G . Following the signalsround the loop (re
all the de�nition of aÆne power norm)giveskyk � kSW2k �1� �kTW1W2= ^GkThe linear robust design does the right thing!
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Gain EstimationBa
k to
PSfrag repla
ements

w" v~guFu
"(t) = ~gmem(ut�1F ); k"k � �kuFk+ �How to estimate � and �?� Make approximating assumption that "(t) only dependson the d past uF(s).� Inspe
t the 
orresponding surfa
e from Rd to R

ECC, Porto, Sept 7 2001 Lennart Ljung
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The Surfa
e
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� The 
oor is formed by the regressors ', and the uprightwall is the output ".� The gain of the system is bounded by pd times thehighest slope: pdmax j"jk'k
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How to Explore the Surfa
e?� At all feasible? (d � 20; : : : )� Assume surfa
e is a hyperplane (linear model)� Assume surfa
e has a low dimensional parameterization(sigmoidal NN)� Use raw data: Radial basis NN, Lo
al polynomial ap-proximations, kernel methods, : : : .

ECC, Porto, Sept 7 2001 Lennart Ljung
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Feasibility Study: A Dire
t Method

Pi
k d as the length of theimpulse response and use^� = pdmaxt j"(t)jk'(t)kDoes it work?Tested on time-varying sys-tems with input as well asoutput stati
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x-axis: True gain, y-axis: Esti-mated gain
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Some Plots of Remaining Un
ertainty
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Time varying non-linear system: \Thi
k" bla
k 
urve: Con-ventional un
ertainty region. Yellow region: Model errormodel un
ertainty region. Left W1 = ^G; W2 = 1: Right:W1 = ^G W2 = ^H
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Ba
k to the Rigid BodyBode plot with un
ertainty:
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No robust LTI design possible: \Too nonlinear"
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Ba
k to the Rigid BodyA 
ase where the torque is more aligned with the prin
ipalaxes of inertia (\more linear") Bode plot with un
ertainty:
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Robust LTI design should be possible in this 
ase.
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Remaining Issues� Choi
e of weighting fun
tions W .� Choi
e of \weighting stru
ture", like below, or IQC'sPSfrag repla
ements
W

"~guF
u v

� Choi
e of W with respe
t to the interplay between 
on-trol design requirements and obtaining small bounds.(Re
all stability robustness depends only on W1W2.)� More sophisti
ated gain estimation, dealing with noisein a better fashion et
.
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Con
lusions� What does an estimated LTI model 
onverge to?� Why do we get unrealisti
 under-estimation of frequen
yfun
tion un
ertainty?� Can a (slightly) non-linear and time-varying system bedes
ribed as an un
ertain LTI model?� Will that un
ertainty de
rease as we measure more data?� How to estimate the gain of a general non-linear sys-tem?
ECC, Porto, Sept 7 2001 Lennart Ljung


