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1. Summary of Lecture 2
2. Expectation Maximization
e General derivation
e Example - identification of a linear state-space model
e Example - identification of a Wiener system
3. Gaussian mixtures
e Standard construction
e Equivalent construction using latent variables
e ML estimation using EM

4. Connections to the K-means algorithm for clustering
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Summary of Lecture 2 (I/IV)

Using the posterior mean my = BSy®'T, the linear regression
model is given by

() = mlip(x) = Bo(x)TSNOTT = 3 Bp(x) Snp() b

n=1
k(x,xn)

Hence, the mean of the predictive distribution at a point x is a linear
combination of the training target variables ¢,

y(x,my) = Y01 k(x, x0)tn, where k(x,x') = Bp(x)TSnp(x) is
called the equivalent kernel.

An alternative approach to regression is to directly make use of a
localized kernel, rather than starting from basis functions. This leads

to the so called kernel methods.
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Investigated one linear discriminant (a function that takes an input
and assigns it to one of K classes) method in detail (least squares)

Modelled each class as yx(x) = w]x + wy o and solved the LS
problem, resulting in @ = (X' X)~!XTT

Showed how probabilistic generative models could be built for
classification using the strategy,

—_

. Model p(x | Ck) (a.k.a. class-conditional density)
. Model p(Cx)
. Use ML to find the parameters in p(x | C¢) and p(Cx).

A WO DN

. Use Bayes’ rule to find p(Cy | x)
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Summary of Lecture 2 (llII/IV)

The “direct” method called logistic regression was introduced. Start
by stating the model

1
_ T 0\ —
pCr 1 9) = 0w9) =

which results in a log-likelihood function according to

L(w) = —Inp(T | w) Z (taIn(yy) + (1 —t,) In(1 —yy)),

where v, = p(C1 | ¢) = o(w’¢). Note that this is a nonlinear, but
concave function of w.

Hence, we can easily find the global minimum using Newton’s
method (resulting in an algorithm known as IRLS).

Machine Learning

q A AUTOMATIC CONTROL
REGLERTEKNIK
T. Schon LINKOPINGS UNIVERSITET

5(40) Summary of Lecture 2 (IV/IV) 6(40)

The likelihood function for logistic regression is
N T 1—t,
p(T | w) :H (wT ) (1—(7(w4)n))

Hence, computing the posterior density p(w | T) = ’% is
intractable and we considered the Laplace approximation for solving

this.

The Laplace approximation is a simple (local) approximation that is
obtained by fitting a Gaussian centered around the (MAP) mode of
the distribution.
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(Very) Brief on Evaluating Classifiers

Let us define the following concepts,

m True positives (tp): ltems correctly classified as belonging to
the class.

m True negatives (tn): Items correctly classified as not belonging
to the class.

m False positives (fp): Items incorrectly classified as belonging
to the class. In other words, a false alarm.

m False negatives (fn): Items that are not classified in the
correct class, even though they should have. In other words, a
missed detection.

P Recall = s
tp +fp tp + fn
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7(40) Latent Variables - Example 8(40)

A latent variable is a variable that is not directly observed. Other
common names are hidden variables, unobserved variables or
missing data.

An example of a latent variable is the state x; in a state-space model.

Consider the following linear scalar state-space model

Xep1 = Oxp + 4, o N 0 01 0
I (@)~ () (5 01))
Y = 2xt + ey,
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Expectation Maximization (EM) - Strategy and Idea 940) | Expectation Maximization (EM) Algorithm 10(40)

Algorithm (Expectation Maximization (EM))

The strategy underlying the EM algorithm is to separate the original
ML problem into two linked problems, each of which is hopefully )
easier to solve than the original problem. 2. Expectation (E) step: Compute

1. Seti = 0 and choose an initial guess 6.

This separation is accomplished by exploiting the structure inherent Q(0,6;) = Eo, {Inpe(Z,X) | X}

in the probabilistic model.
o . = [1npa(z, X)po(2 | X)dZ.
The key idea is to consider the joint log-likelihood function of both the

observed variables X and the latent variables Z, 3. Maximization (M) step: Compute

Lo(Z,X) = Inpe(Z, X). 0;1 = argmax Q(6,6;).
]

4. If not converged, update i := i+ 1 and return to step 2.
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EM Example 1 - Linear System Identification 1140) § EM Example 1 - Linear System Identification 12(40)

Consider the following linear scalar state-space model

The resulting Q-function is

xt+1 = th + Ut, <Ut) N ((0) (0,1 0 )) N N
ye = %xt Yo et 0/)’\0 01))" Q(0,6;) & —Ey, {;xf | Y} 0% + 2E,, {t_zl.tht+1 | Y} 0

The initial state is fully known, x; = 0. Finally, the true 8-parameter is — —q)92 + 296,
given by 6* = 0.9.

The identification problem is now to determine the parameter 6 on the where we have defined

basis of the observations Y = {y1, ..., yn}, using the EM algorithm.

The latent variables Z are given by the states
=X £ {xl,. . .,xN+1}.

Note the difference in notation compared to Bishop! The
observations are denoted Y and the latent variables are given by X.
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N N
p2 Y B {2V}, 92 Y Ey{xm |V},
t=1 t=1

There exists explicit expressions for these expected values.




EM Example 1 - Linear System Identification

13(40)

The maximization (M) step:

0,11 = argmax Q(6,0;).
0

Hence, the M step simply amounts to solving the following quadratic
problem,

011 = argmax — @8> + 2¢6,
9
which results in

Oiv1 = 5
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Algorithm

1. Seti = 0 and choose an initial guess 6.

14(40)

2. Expectation (E) step: Compute

N N
p=Y B {2I1Y}, =Y Eq{xmn|Y}.
t=1 t=1
3. Maximization (M) step: Find the next iterate according to
6'+1 = —%
e

4. If|Lg(Y) — Lo, ,(Y)| > 107°, update i := i + 1 and return to

step 2, otherwise terminate.
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EM Example 1 - Linear System Identification

m Different number of samples N used.
m Monte Carlo studies, each using 1000 realisations of data.
m Initial guess 6y = 0.1.

5000
0.8996

10000
0.8998

500
0.8952

1000
0.8978

2000
0.8988

N | 100
6 | 0.8716

200
0.8852

No surprise, since ML is asymptotically efficient.
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EM Example 1 - Linear System Identification
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EM Example 1 - Linear System Identification

0 0
— Log-likelihood — Log-likelihood
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=700
1 12 0 0.2 0.4 0.6 0.8 1 12
Parameter a

o 02 04 06 08
Parameter a

(c) lteration 3 (d) lteration 11

All details (including MATLAB code) are provided in

Thomas B. Schén, An Explanation of the Expectation Maximization Algorithm. Division of
Automatic Control, Linképing University, Sweden, Technical Report nr: LiTH-ISY-R-2915,

August 2009.
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Nonlinear System Identification Using EM (I/VI)

18(40)

Now, consider the problem of estimating the parameters 6 in

41 = fe(xt,0) + 01(6),
yt = ht(xt, 9) —+ €t(9).

Commonly also written as

Xp41 ™~ Pe(xt+1 \ xt),
Ye ~ po(y: | xt).

According to the above, the first step is to compute the Q-function

Q(Q, é\k) = E9k {logpg(Z, Y) ’ Y}

Machine Learning
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Nonlinear System Identification Using EM (lI/VI)

19(40)

Applying Eg {- | Y} to
logpe(X,Y) =logpe(Y | X) + log pe(X)
= logpe(x1) + IjZ_; log po(xt+1 | xt) + ilogpe(yt | xt)
results in Q(6,6,) = I + I + I3, where
L = / log pe(x1)pe, (x1 | Y)dx1,

N-1
L=1Y / / log pe(xt11 | xt)pe, (xe+1, ¢ | Y)dxidxpya,
t=1

N
=Y [ logpo(ys | x1)pu, (xi | Y)dx:
t=1
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Nonlinear System Identification Using EM (llI/VI  20(40)

This leads us to a nonlinear state smoothing problem, which we can
solve using particle smoothers.
The current particle smoothers provides us with the following
approximation of the joint smoothing density
1 M4 :
p(X|Y) ~ MZ(S(X—X’),
t=1
which allows for the following approximations of the marginal
smoothing densities that we need,

=

1

ka(xt | Y) ~ ﬁek(xt | Y) = M ‘ 5(xt _xlt.)/

<=L
M=

N
I
-

O(Xpp41 — xf‘:t-ﬁ—l)'
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Nonlinear System Identification Using EM (IV/VI)

Inserting the above approximations into the integrals
straightforwardly yields the approximation we are looking for,

M

L= /IOgPe(X1)Z

i=1

R N-—1 M 1 ;
L= Z //logpe(xm | xt)z ]\_/I(S (xt:t+1 - xt:t+1)dxt:t+1
=1 i=1

Ls

i x4 )dxy =

Zlogpe (x}),

l 1

(1 —

1 N=1M |
== logpg(xi, | x1),
M t=1 i=1 o :
N 1 N M
Iy = Z/logpg yi | x)) =6 x})dxy = ZZlogpg Y
=1 i=1 t:l t=1
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21(40)

| xt)

Nonlinear System Identification Using EM (V/VI)

N
I
N
=

It is straightforward to make use of the approximation of the
Q-functions just derived in order to compute gradients of the

Q-function,
0 _ oy, o, ol
ﬁQ(@Gk) “ 50 T30 T
For example (the other two terms analogously),
s 13 ¥
b=yl ;logpe(yt | x),
o; 1 i % dlogpe(y: | xi)
0 M == 20

With these gradients in place there are many algorithms that can be
used in order to solve the maximization problem, we employ BFGS.
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Nonlinear System Identification Using EM (VI/VI)

Algorithm (Nonlinear System Identification Using EM)

1. Seti = 0 and choose an initial guess 6.
2. Expectation (E) step:
1. Run the particle filter and the particle smoother
2. Calculate an approximation of the Q-function
QM(G, él) = 71 I Tz I 73.
3. Maximization (M) step: Compute

fi+1 = argmax @M(G, 6;).
0

4. If not converged, update i := i + 1 and return to step 2.

23(40)

Thomas B. Schén, Adrian Wills and Brett Ninness. System Identification of Nonlinear State-Space Models. Automatica,
47(1):39-49, January 2011.
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EM Example 2 - Blind Wiener Identification (I/1V)

Cr1 = A& +w,  w~N(0,Q),
e e }_.l— — Cg,
= f(xr, 1) +e, e ~N(O,R).

Figure: The blind (only the outputs y;
are available) Wiener (linear dynamic
system followed by a static
nonlinearity) problem.

0= [19T,17T, vec{R}T],
8 = [vec{A}T,vec{C}T,vec{Q}]".

Most existing work deals with special cases, with assumptions like;
1. Invertible nonlinearities,
2. no measurement noise,
3. no process noise.

We are not forced to do any of these assumptions.
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EM Example 2 - Blind Wiener Identification (Il/IV) 250

Recall that (Z = E) Q(6,6;) = [Inpy(E,Y)pe,(E | Y)dE.
According to the model we have

lnpg(E, Y) = lnpg(Y | E) + h‘lpg(a)
N N-1
=Y Inpg(ye | &)+ Y Inpp(Grea | &),
=1 t=1
resulting in Q(0,0;) = I + I,

N
h=Y [ [1pe@in | Epe (G, & | V)dGidgrsn,
t=1

N
I =) Inpg(y: | &)pe, (& | Y)dCs,
t=1

where pg (G¢+1,G: | Y) and pg,(C: | Y) are provided by the particle
smoother.
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EM Example 2 - Blind Wiener Identification (llI/IV) 2s(40)

Wiener system:

g ' +0.1g72 049773 +0.014~*

H@) = 137036760 7+ 0.887469 2 + 0524069 3 + 055497

03 :x>03,
f(x)=<x :—02<x<03
—02 :x< 02

N = 1000 samples used, w; ~ N (0,0.1),¢e; ~ N(0,0.001).
M = 200 particles are used and 100 Monte Carlo runs.
Initialize the linear system using a subspace method.
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EM Example 2 - Blind Wiener Identification (IV/IV) 27(40)

05 15 2 3 =) -3 -1 o 3
Normalised frequency Input to nonlinearity

Figure: Bode plot of estimated (grey) Figure: Estimated (grey) and true
and true (blue) systems. (blue) memoryless nonlinearity
(saturation).
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EM Example 2 - Blind Wiener Identification

28(40)

Figure: Block diagram of blind Wiener
model with two outputs.

Figure: Bode plot of estimated (grey)

and true (blue) systems.
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EM Example 2 - Blind Wiener Identification

Gaussian Mixture - Standard Construction

Output of nonlinearity 1
Output of nonlinearity 2

1 2 3 -3 -2 1 2 3

o 0
Input to nonlinearty 1 Input to nonlinearity 2

Figure: Estimated (grey) and true
(blue) nonlinearity (saturation).

Figure: Estimated (grey) and true
(blue) nonlinearity (dead band).

Adrian Wills, Thomas B. Schén, Lennart Ljung and Brett Ninness. Blind Identification of Wiener Models. Proceedings of the
18th World Congress of the International Federation of Automatic Control (IFAC), Milan, Italy, September 2011. (accepted for

publication)
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A linear superposition of Gaussians

K
= N Y
p(x) k;\ﬂfk/ (x | s Zi)
p(k) p(x[k)

is called a Gaussian mixture. The mixture coefficients 71 satisfies

K
Y me=1,
k=1

Interpretation: The density p(x | k) = N (x | px, L) is the
probability of x, given that component k was chosen. The probability
of choosing component k is given by the prior probability p(k).
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Gaussian Mixture - Example

Consider the following Gaussian mixture

o= (8 (3 ) I( 6 9) -l (2 )

m —— ——— T —~ —— 3
ot Zq H2 P> "3 3

Figure: Probability density function.

Figure: Contour plot.
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Gaussian Mixture - Problem with Standard

Construction

N

Given N independent observations {x, },_;,

function if given by

the log-likelihood

n=1 k=1

N K
Inp(X; ik, pik, Z:k) = ) In <27TkN (x [ s Zk))

There is no closed form solution available (due to the sum inside the
logarithm).

We will now see that this problem can be separated into two simple
problems using the EM algorithm.

First we introduce an equivalent construction of the Gaussian mixture
by introducing a latent variable.
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EM for Gaussian Mixtures - Intuitive Preview 340) § EM for Gaussian Mixtures - Explicit Algorithm 4(40)

Based on Algorlthm (EM for Gaussnan Mixtures)

K K . Initialize ui, %, 7t and seti = 1.
p(zn) = H o and  p(x | za) = H/\/’ (xn | e, Zg)™ 2 Expectat:on (kE) step: Compute
- o TN (0 | i, Zp)
KN Xn | Hir =
. : N z n=1,...,Nk=1,..., K
we have (for independent observations {x, };_;) 7(Zuk) = ZK ) nN(xn | 4, Zz)
N K
p(X,Z) = H H 71,2;"" N (x| e, Zi)™™, 3. Maximization (M) step: Compute
1_ 1
resulting in the following log-likelihood wt = Z'Y Za)Xn, TG =2 Z’Y(an
N K
Inp(X,Z) = n;lk;znk (Inmty +In N (x| pg, Zk)) (1) Zit = Z o (z) (X z+1 (2t — )T
Let us now use wishful thinking and assume that Z is known. Then, 4. If not converged, update i := i+ 1 and return to step 2.

maximization of (1) is straightforward.
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Example - EM for Gaussian Mixtures (I/11l) 35(40) Example - EM for Gaussian Mixtures (lI/11) 36(40)

Consider the same Gaussian mixture as before,

4 12 06 8 1 0 9 06 05
=22 (w1 (65) (8 03)) =02 (<1 () (6 9))razn(x1 () (65 13))
m —— ——— o S~ S—— 3 ~ ———
" Py 2 Iy H3 I3

2 m Apply the EM algorithm to
sl estimate a Gaussian mixture
with K = 3 Gaussians, i.e.
use the 1000 samples to
compute estimates of 71y, 71y,
TT3, Y1, P2, Y3, 21, 22, 23.
m 200 iterations.

Figure: Initial guess.

Figure: Probability density function. Figure: N = 1000 samples from the
Gaussian mixture p(x).
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Example - EM for Gaussian Mixtures (llI/11l)

37(40)

The K-Means Algorithm (I/1l)

Figure: True PDF.
of the EM algorithm.

AUTOMATIC CONTROL
REGLERTEKNIK
LINKOPINGS UNIVERSITET

Machine Learning
T. Schon

Figure: Estimate after 200 iterations

Algorithm (K-means algorithm, a.k.a. Lloyd’s algorithm)
1. Initialize pi and seti = 1.
2. Minimize | w.r.t. r, keeping py = y}c fixed.
i1 _ |1 ifk = argmin, [|x, — pf?

r =
nk 0 otherwise

3. Minimize | w.r.t. yy keeping ry,; = r;}gl fixed.

N i+1
i+1 Zn:l Tk Xn
I’lk — ZN i+1

n=1"yk

4. If not converged, update i := i+ 1 and return to step 2.
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The K-Means Algorithm (lI/11)

The name K-means stems from the fact that in step 3 of the
algorithm, uy is give by the mean of all the data points assigned to
cluster k.

Note the similarities between the K-means algorithm and the EM
algorithm for Gaussian mixtures!

K-means is deterministic with “hard” assignment of data points to
clusters (no uncertainty), whereas EM is a probabilistic method that
provides a “soft” assignment.

If the Gaussian mixtures are modeled using covariance matrices

YSe=¢l, k=1,...,K

it is straightforward to show that the EM algorithm for a mixture of K
Gaussian’s is equivalent to the K-means algorithm, when € — oo.
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A Few Concepts to Summarize Lecture 6

Latent variable: A variable that is not directly observed. Sometimes also referred to as hidden
variable or missing data.

Expectation Maximization (EM): The EM algorithm computes maximum likelihood estimates
of unknown parameters in probabilistic models involving latent variables.

Jensen’s inequality: States that if f is a convex function, then E(f(x)) > f(E(x)).

Clustering: Unsupervised learning, where a set of observations is divided into clusters. The
observations belonging to a certain cluster are similar in some sense.

K-means algorithm (a.k.a. Lloyd’s algorithm): A clustering algorithm that assigns N
observations into K clusters, such that each observation belongs to the cluster with nearest (in
the Euclidean sense) mean.
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