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Today'’s topic

m Repetition
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Systems: Linear time-invariant (LTI)

G(s) = [%'%] =D+ C(sI-A)'B

Similarity transformations introduces new states, x = Tx:

- [ 2417
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Inverse of systems

The inverse of a system can be written as

—1 —1 —1
,,_[A|B] " _[A-BD'C|-BD
G (S)—[%W =" oc [ o
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H..-norm

The H..-norm is the maximum (sup) of
6(G(jw)) for stable systems.

Singular Values y u

sigma (d8)

lyllz < vllull2

Y= 1Gll=

10°
omega (radisec)
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How to find || G|

Assume that D = 0:

He A y?2BBT
| -c'c AT

If ¥ > ||Gl|, then H has no imaginary eigenvalues.

General case

NS AN
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Detectability and stabilizability

m A system is detectable if all unstable modes are observable

m A system is stabilizable if all unstable modes are controllable.
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Balanced realization

A system is on balanced form if the controllability and observability
Gramians are equal:

ATy +yA+Cc’Cc=0

and
A +YAT +BBT =0.

Used for model reduction.
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Stability

fan)
A\

K

The closed loop system is stable if

n —1
I K
(K] e

REGLERTEKNIK
Anders Helmersson anders.helmersson@liu.se KOMMUNIKATIONSSYSTEM
Robust Multivariable Control LINKOPINGS TEKNISKA HOGSKOLA



Youla parametrization

If G is stable then Q € RH.. parametrizes all stabilizing controllers:

u y

K=Q(l+GQ)™"

4 Related to IMC = Internal model control.
Q=K(I-GK)
Q € RH..
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Riccati equations

The Riccati equation
ATX+ XA+ XRX+Q=0

has the solution such that A+ RX stable when X = xox; ' where

_ A R : Xq
H= [ —Q AT ] has stable eigenvectors [ % ]

H, (LQR):

oo A —ByB]

H.. (no eigenvalues on the imaginary axis and x; nonsingular):

o A y2BB] —B:B]
— | =clc —AT
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H.. synthesis

Conditions for the existence of an H., controller with a closed-loop
gain less than v:

m H.. € dom(Ric)

w G 4 m X, =RicH. >0
m J.. € dom(Ric)

u y m Y. =Ricd.>0
K B p(XeYeo) < PP
m 7> D11 Dy

m y> [|D Dy ||
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H.. synthesis

Assume that D;5 is full column rank

—1

B T T
A 0 Bi B, 0 ¥l 0 D 0 By

He= |0 =0 @ _or|| 0 o Db 0 B]
! Dy Dip —I Ci 0

and assume that Do is full row rank

—1
—%®l 0 D

AT 0 cl ¢l o v ! 0 G

J°°:0—A_00—B 0 0 Doy 0 &

"Il oI, bl -1 Bl 0

If D12 or D»4 lose rank more analysis is needed (generalized
eigenvalue problems). The problem can be solvable or it can be badly
formulated (gain goes to infinity as y approaches its optimal value).
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Coprime factorization

Coprime factorization:

G=M'N=NuV"T
—— N
LCF RCF

where M (M) and N (N) are stable.

The factorization is normalized if

M(—s)" M(s)+ N(—s)*N(s) = I
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& & l=medito en ][3I}

=min
Y X

One such X:

or
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n
F(x)=Fo+Y xF;  where Fi=F/.

i=1

The set of F(x) > 0 is convex.

Schur complement
s &' <0
G R

is equivalentto S— G'R~'G < 0and R < 0.
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The elimination lemma

The problem
Q+UKVT + VKTUT < 0.

has a solution K, if and only if
ulQu, <0, where U, =nullUT

and
viQv, <0, where V, =nullV’

are both satisfied.
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SVD and Bounded Real Lemma

The maximum singular value 6(D) = || D|| < v is equivalent to

_Y DT :|

<0

0%

|G| < 7 is equivalent to that there exists a P = PT = 0 such that
PA+ATP PB CT

B —y DT | <0
C D -y
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LMI H.. synthesis

Conditions for existence of a controller

where

[ Cz 021 ]J%(ZO and
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Design methods:

SISO methods: LQR, PID, Lead-lag.

MIMO-metoder: H., loop shaping, u-synthesis.
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Design — standard structure in closed loop

KSw

Wks — Z3
y Tw
K G WT — Zo
u

® w

Sw
WS — Zq

KS<Wd T<w;" s<wg'
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m Structure: What do | want to achieve?

m Standard structure

m MIMO: amplitude and phase margins at the input can be
provided by adding extra inputs and outputs.
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H.-design

m Everything must be specified, non-forgiving, nothing is for free.

m Sometimes a controller with too high bandwidth is obtained — try
to relax the requirements and reduce the bandwidth.

m Full rank on D2 and Do1 means direct terms in Wxs (and
w — y).

m Results in high-order controllers.
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Loop shaping

Design W; and W, such that Wi GW. satisfies the desired loop gain.

Use ncfsyn for synthesis (¢ > 0.2 —0.3).

T
3
&
S
__Q__
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Alternative formulation

Z2 Wo 14

Wyt | wy Wy

D
U
=
fan)
N
@
D)
U
X

Z
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Small gain theorem

For analysis, the small gain theorem is an important tool.

A G and A are stable.

1Al <1/

1Gllo < ¥

=>closed loop system is stable.

A can be nonlinear with limited power gain (induced Ly-norm).
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Pull out the parameters

O

o1
o1

o1

(O}

Here we have repeated uncertainties, 0.
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D-scalings: DA = AD, D invertible
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(i) Find a K such that ||.%¢(G, K)||.. is minimized (H..-synthesis).
(i) Find a D (with fixed K) such that || D.%(G,K)D~ || _ is
minimized.
(iiiy Find a K (with fixed D) such that || D.%(G,K)D~"||__ is
minimized (H..-synthesis).
(iv) Repeat (ii) and (iii) till convergence or till
y=|D.%(G,K)D~"||., becomes sufficiently small.
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Model reduction

H..-design often results in high-order controllers, sometimes 50 to
100 states (weights + G).

Unrealistic to implement.

Steps of reduction:

m Use balancing and truncation for removing states that are barely
visible.

m Remove past poles (significantly higher than the bandwidth).
Replace by a constant term.

m Use more advanced methods, such as weighted model
reduction or hinfstruct.
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