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Today'’s topics

m Feedback

m Stability

m Stabilizability and Detectability
m Specifications

m Input-Output Duality

m Reformulation H., horm
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Feedback
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(iy Negative feedback: (/+ PK)™"
(i) Positive feedback: (/— PK)™"
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Well posed

, exists and is proper
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I— K(c)P(c0) invertible
or

I — P(0)K(c0) invertible
or

—P(e) B I(oo) invertible

Note: well-posed is not the same as stability.
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Well posed

Let

|
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|— DD invertible

Well posed

or
|— DD invertible

or

/I -b1 .
[—D / } invertible
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Stability
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Special case K = /
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Special case K = /

Al B
—C|I-D

Thus, (*) is stable if (/— P)~' € RH..
(R = real and rational, H.. = stable and limited in RHP)
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General case
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Stabilizability and Detectability

Requirements for stabilizing a feedback system.
Suppose that P and K are stabilizable and detectable.
Stabilizable: all uncontrollable modes are stable.

Detectable: all unobservable modes are stable.
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General case
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General case
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Consequently, (**) is stable if
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General case

It is not enough to only check that (/ — PK)~" is stable.

For instance

ng’ f(:_L

s+1 s—1

. -1 1 2
l—PR=1+% _2ts

s+1s—1 s+1
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Stability

(i) Well-posed
(i)

I —K
P

—1
| enn.

The A-matrix has all its eigenvalues in the LHP.
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Performance specifications
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z=8Sw+T(r—e),

S=(I+GK) ',
T=GK(I+GK)™",
S+T=1I
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Performance specifications

gain (dB)
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Bode’s sensitivity integral

If Lis stable and has two more poles than zeros (note: linear

frequency scale):
/ log | S(jo)|de = 0
0

togs|
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Bode’s integral relation

General:

/ log|S(jo)[do =7 ¥ Rep,
0

Rep;>0

MIMO

7 _max Rep;
Rep;i>0

T Z Re Pi
Repi>0

/0 " log 5 (S(j)) do >

What about LQR? (60 deg, 6 dB margins)
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Loop gain

Loop gain: L = GK.
S=(+1L)"
T=L(+L)"

Specify S and T = specify L.
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Loop gain

gain

gain (dB)
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Minimum phase

Minimum phase: relation between slope and phase

Slope |L| phase
—1 —90 deg
-2 —180 deg

Non-minimum phase:

_s—1 s—1 o s+1
Cs+2 s+1° s+2
~—~— =

allpass  min phase

jo—1
jo+1

arg =2arctan®

Zeros in the RHP give worse phase margins at high frequencies
This leads to reduced bandwidth.
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Non-minimum phase

Non-minimum phase can be interpreted as a time delay (all-pass),
which results in reduced bandwidth.

) 1 [ dloglL] V| jo + 2z
L =— | ——I th—dv I I
arg L{jev) n/ dv 22 JrargRez,zo/""O_Zi

where v = log(®/ayp).
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Multivariable

m | S| is replaced by 6(S);
m |T|is replaced by 6(T);
m |L|is replaced by (L) and o(L).

L can be either L, = GK or L; = KG depending on where the loop is

opened.

The same appliesto Sand T.
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Multivariable

Rewrite the sensitivity function, S,

5(S)=6 ((/+ GK)—1)

1
=(c(I+GK) "< ——————
We can show that
1 1
- <5(8) < ——
a1 =" =5
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Multivariable

In the same way for T:

5(T)=6 (GK(I+ GK)”) -5 (L(I-l- L)”)

_ 1 -1 1
:G((L +1) >:G((L‘+I))
1 ~6(L)
o(L-")—1 1-5(L)
Thus, (1) 5(0)
(& _ (e
760 =°M=1=50
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Performance specifications
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G6(S) < try to make o (L) large

)
o(L)—1

o(T)< - o () 0 try to make 6(L) small

Consequently, squeeze (L) och o(L) together at least for
frequencies close to the cross-over frequency.

Try to have cross-over frequencies close to each other.
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Input-output duality

We will often make use of the input-output duality in this course
For a state-space formulation

A B AT cT
cC D BT DT
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Input-output duality

In discrete time

[ y(1) ] D [ u(1) ]
y(2) CB D u(2)
y3) |- | caB ©¢B D u(3)

i y(:n) 11 CA’;*1B C/;\.B CB D || u(:n) |

where we have stacked the inputs and outputs into long vectors.
Swapping inputs with outputs results in a transposed matrix, or,

- 0(1) - r DT BTCT BTATCT BT(AT)n—1CT 9 r C(U -
v(2) p’  BTCcT . : ¢(2)
v(3) | = DT BTATCT £(3)

: _ BTCT :

Lo(n) || i 1L &)
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Input-output duality

Reverse time

[ v(n) ] D7 [ C(n) ]
v(n—1) BTcT D" ¢(n—1)
v(n-2)|=| BTATCcT B'CT DT y(n—2)
i 0(1) | _BT(AT.)”“CT . BTAT-CT BTéT D™ || §(1) |

Which corresponds to the dual system

A B AT cT
CcC D BT DT
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Reformulating the H.. norm

The Hamiltonian,

H:[ A0 }—[ 5 ](fI—DTD)_1[—DTC —BT |

-c’c —-AT -C™D |. ,
R>-0
B A+BR™'D'C BR'BT
| —c'c-Cc'prR'D'c —-AT-C'DR'BT

If H has no eigenvalues on the imaginary axis then ¥ > || G||<.
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Reformulating the H.. norm

Rewrite the eigenvalue problem, Hx = Ax as (H—Al)x =0

H—Al

=[f5rlcl _ATO_M ] —[_frD ] (#-D'D) [ -D"C —BT]

N’
R>0
Apply Schur complement
A—Al 0 B
~ | —=CTCc —AT—Al -C'D
D'c BT —(y?-D'D)

We know that (Y2 — DT D) is non-singular if y > || G|«
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Reformulating the H., norm

A—Al 0 B
~| -c’c -AT—-a1 -C'D
D’cC BT DD -1yl
and, another Schur complement:
[ A—Al 0 B
—AT -1 -cT
BT _,},2 DT
| C D —1
Reshuffle:
A-Al B
—1 C D
~AT -1 —CT
| 8" D P
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Reformulating the H.. norm

A—Al B
—1 C D
—AT—A1 —-CT
BT DT -7
and rescale

‘A B ‘ /

—-y|C D

oA ot A
BT DT _,y

This is an generalized eigenvalue problem, (7 — A& )x = 0, with a
structure similar to the original system.
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