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Today'’s topics

m Uncertainty descriptions

m LFTs

m Robustness for stability

m Robustness for performance
m D scalings

m Convexity
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Model uncertainties

Previously we have used descriptions of uncertainties that are not
very detailed.

m Phase and amplitude margins
m Coprime factorizations, v-gap

We will now see how we can specify uncertainties in a more
structured way.

Robust control has to cope with systems with uncertainties.

How can we specify uncertainties and how can we analyze such
systems?
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Small Gain Theorem

For analysis the small gain theorem is an important tool.

A G and A are stable.

1Al <177
1Glle <

= closed loop system stable.

A can also be a nonlinear system with limited power gain (induced
Ly-norm).
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Additive uncertainties
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For which uncertainties, A, is the closed loop system stable. The
nominal system with A = 0 is assumed to be stable.
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Additive uncertainties
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The transfer function from w to z: WoK (1 — GoK) ™' Wy = WaKS, W,
—_——

So
Using the small gain theorem, ||All.. < 1/yand [[WoKSo Wi lle < ¥

imply stability.
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Multiplicative uncertainties
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Using the small gain theorem, ||A|l. < 1/y and

K

Jan
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| Wa GoK (1 — GoK) ™" Wy ||eo = || Wa To W4 || < 7 imply stability.
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Uncertainty descriptions with coprime factorizations

The transfer function
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Using the small gain theorem, ||[ Ay Ay ]||_ < 1/yand

H { /L ] (I— GoK) "M~1|| < yimply stability.

oo
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Parametric uncertainties

Often a system can include parameters that are uncertain, but within
given bounds, for instance:

A(a)
ac[0,1]

G(a,s) —
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An example

G(s) = - 1_a, ac[0,1]
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2= 1 0]2]
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Robustness for stability

A
w z
Ga
G
K u y
K

Find a K such that ||.%(G, K)||- < 7. Then the system is stable for
all [[A]l < 1/y. Here we use the notation .7/(G, K) to denote the
system G with K as a feedback.
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Pull out the parameters

5

61}‘32

81

Here we get repeated §; parameters.
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LFT representations

AxG(s) = Fu(G(s),D)

A

g
o
o

o oo
o

g
o oo
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Star product

Upper LFT:

Fu(M,A) = Moo + Moy A(1— My A) " My
Lower LFT:

Fo(M,A) = Myy + MipA(1 — Moo A) ™" Moy
Redheffer’s star product:

QxM = Z(Q, My1) Qi2(1 — M1 Qo2) "My ]

M1 (1= QeaMy1) ™" Qa Fu(M, Q)
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General linear relations

If M = My + 6 M; we can use singular value decomposition of
M; = UZ VT where X is of rank r.

o VvT
_ T _ o
M=My+6ULV —Ju([ Us My ],6/,)
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Rational functions

Rational functions can be described by LFTs.

For instance,

0162
G 6, =7 s 5 s
(31, 02) 1+ 8+ 6
which can be written as
_;6 s
1F
G(81,82) = & % 1 =[ )
5 0
1+61
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General case

A

Fu ([ g g ] ,A) =D+ CA(I-AA)'B

=D+C(I-AA)'AB
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Continuous time and discrete time systems

Fu ([ é [B; ] ,A) =D+ C(I-AA)'AB

Compare with continuous-time systems (A = s~ I):

gﬂ,([ ’g g },s—‘/) =D+C(I-s"A) 's 'B=D+C(sI—-A)"'B=G(s)

Compare with discrete-time systems (A =z~ /):

gﬂ,([ é g },z“/) =D+C(l-z'A) 'z ' B=D+C(z2I- A 'B=G(2)

The similarity between dynamic and LFT models allows us to apply
several well-known tools on LFT models, for instance model
reduction.
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The LFT model is not unique

For instance consider
G(61,8)=[ & & 616 | =Fu(M,A)=AxM,which can be
represented as an LFT with

00 0[0 0 1
85 0 0
y_|0 00100 A=l o & o
100010 0 0 &

0 1 1/0 0 0 |

or

] o
0 00001 % 0 0
M = A=|0 & O
010[/100 0 o s
1 0 1/0 0 0 !

depending on the order of the parameter extraction.
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Robustness for performance

A
wa ZA
Ga
w & z
K u y

K

Find a controller that gives robustness with respect to performance,
that is to say H..-norm < y for all possible systems where ||A[|. < 1.
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Robustness for performance

wa ZA

(oY

K

Minimize H..-gain from [ wa ] to [ 2a ]
w z
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Performance requirements

If ¥ < 1 the the performance requirements are satisfied since

2
ZA wa
<
1 =L I,
12112+ l1zall3 < ¥*[lwl3 +7*[wall?
12[15 < v?[[wll3

since ||Al| < 1 implies ||wal3 < ||zall3.

2

Consequently the performance requirements are satisfied for all
A <1.

It is also possible to show that the performance requirements are
satisfied for all | A]| < 1/, since ||wa|3 < 72| za3.
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Conservatism

A problem with this type of analysis is that it sometimes becomes
conservative. For instance:

. 1 1] .
Gio) =4 | 1| Ieta) =1

but i
. 1 10 .
aio)=1| oy V] 166w =505

These are equivalent if we use § as feedback:

QU(G176) = yu(6278)
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0.1 10

This depends on how the uncertainty model has been built.
It depends on the scalings!

Compare this with similarity transformations.
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D scalings: DA = AD,
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Allow more freedom in the analysis by including invertible scalings,
D. The scalings and the uncertainties, A, must have structures that

commute.
DA = AD
For instance if
64 0 0 O
o & o o
A= 0 0 & O
0 0 0 &
then
diy diz diz 0
D— | %t G2 g O
d3y dpp diz O
0 0 0 dag

commutes with A.
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Since A = D~'DA = D~'AD, we can improve the result from the
small gain theorem

|DGD ™ ||w < 1.

If the parameters are time-varying, then D must be constant.
If the parameters are constant or time-invariant systems, then we can
allow for dynamic scalings:

|D(s)G(s)D~"(8) |- < 1.
In this case we can perform a frequency sweep and minimize
| DwG(jw)Dy || < 1

with respect for D, for each frequency, .
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A convex problem

We will now regard the problem of minimizing || DGD~|| with respect
to a non-singular D.

We know that ||U|| < yis equivalent to A(U*U) < ¥, which we also
can express as U*U — 2/ < 0 (negative definite):
IDGD™'|| <y
(DGD™")" (DGD™") — Y1 <0
D *G*D*DGD ' —y?1 <0
G'D*'DG—y’D'D <0

Introduce P = P* = D*D > 0 (positive definite):
G'PG—yP<0
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G'PG—7YP<0, P=0

This is a linear matrix inequality (LMI).

This is a convex problem, since if Py and P» are two solutions, then
also APy + (1 —A)Ps is a solution if A € [0, 1], since
G'PG—VP=G' (AP +(1=A)P)G—Y*(AP1 + (1 —A)P2) =
=A(G'PiG—7Y’P1)+(1 - L) (G*P.G— ¥*P2) <0
—_— —_—
<0 <0

It is relatively easy to find a global solution to a convex problem,
since the local solution is also the global minimum.
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