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Bayesian inference

e v - data
e x - latent (unknown) variables
e p(x,y) - probabilistic (generative) model

Posterior distribution:

p(x|y) =

Expectations:

Epe ) [0(x)] = / (X)p(x | y)dx

LINKOPING
Il.u UNIVERSITY



Examples of probabilistic generative models

o FExchangeable data models

T
PGy ) = ux) [ gy %)
t=1

Applications: Regression, classification, ...

o State space models

T

T
p(XlzTa.Vx;T)éM(X])H (¢ [ %4 Hg yil%)
t=2 t=1

Applications: Filtering, smoothing, forecasting, ...
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Approximate Bayesian inference

Because p(x | y) is typically intractable we approximate:

Variational methods - Turn integration into optimization

Epie 1) [p(0)] % Egiae a0 [9(x)]
Monte Carlo methods - Random sampling

N .
Epix 1y) [ Z ), X' ~p(x|y)
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2 Variational inference
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Variational inference

p(x|vy)
(]

4

KL (q(x ; Aot 1))
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Evidence lower bound

KL(q(x; N[[p(x|y)) = logp(y) — Eq [log p(x,y) — log q(x; A)]
= logp(y) > Eq [logp(x,y) —logq(x; A)]

220N

e Maximizing the FLBO L(A) minimizes KL divergence
between ¢(x; A) and p(x|y)

e (Coordinate ascent when conditionally conjugate

e Stochastic optimization using noisy VL(\) estimated
with Monte Carlo methods
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Bayesian logistic regression

e Data are pairs (y,,z,)
e 7, is a covariate
e vy, is binary label
e 0 is regression coefficient

e The generative model is

T
p(eﬂyl:T|ZI:T) = N(07 Oa 1) HBGI‘DOUIH (yf’ U(sz,)) i

t=1

where o(+) is the logistic function mapping reals to (0, 1).
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VI for Bayesian logistic regression

e Let’s consider a single data pair (y,z)
e Variational approximation ¢(; \) = N'(0; u,o?)
e The ELBO is given by

L(p,0%) = E, [logp(0) + logp(y |0, z) —logq(0; p,0?)]
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VI for Bayesian logistic regression

L(p,0%) = Eq [logp(0) + logp(y |0, z) —log q(6; p,0?)]

1 1
= —5* +0%) + logo® + B, [log p(y |0, 2)] + const.

1 1
= —5(,“2 +0%) + 3 logo? + E, [yz0 — log (1 + exp(z0))]
— Loz 102+ tiogo? -
= 2(,u +o )+21oga +yzp — E, [log (1 + exp(z0))]

We are stuck because of the expectation. What can we do?
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3 Stochastic gradient variational inference
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Stochastic Optimization

Gradient-based optimization:
VL) =0
Stochastic approximation: [Robbins and Monro, 1951]
ARHL— AR L 0P LR,

with E [ﬁcw)} = VL(F).
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VI for Bayesian logistic regression

1 1
L(p,0%) = =5 (W +0%) + 5 logo® + yzp — By [log (1 + exp(20))]

VE, [log (1 + exp(z0))] = [ Vq(0; p,0°)log (1 + exp(20)) d¢

=E, [Vlogq(t; p, %) log (1 + exp(z0))]

N
1 ‘ o
~ o 2 Viega(t'; po®)log (1+ exp(26')) £ VL(u, 0%),
=1

with 6 ~ q(0; u,0?). Unbiased MC estimator of the gradient!
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Stochastic gradient variational inference

Monte Carlo estimates of gradients to optimize the ELBO.
Score function: [Paisley et al., 2012, Ranganath et al., 2014]

VL(A) = VE, [logp(x,y) —logq(x; )]
=Eq[Vilogq(x; ) - (logp(x,y) —logq(x; A))]

Reparameterization: [Kingma & Welling 2014, Rezende et al, 2014]

VL(A) = VE, [logp(x,y) —logq(x; N)]
= v]Es(a;‘) [logp(h(s, A), y) - log Q(h(ev >‘) ) /\)]
= Ey() [Vx (logp(x,y) —logq(x; ) Vah(e, \)]

e.g. x = h(e,pu,0) = p+oe, s(e) = N(0,1).
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LINKOPING
II." UNIVERSITY



Reparameterization vs. score function

o5 X107
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Why doesn't reparameterization always work?

All random variables we simulate on our computers are
ultimately transformations of uniforms.

Why can’t we do reparameterization gradients for everything?

Often transformations h(-) used in practice are not
differentiable.
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4 Rejection sampling variational inference
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Reparameterizing gamma

e Gamma(\, 1): Common distribution in VI
e Used to sample beta, Dirichlet, Student’s t, chi-squared, ...
o Simulation:

e Propose

men=(r-3) (14 5= ) s s~at0

e Accept-reject

u<a(e,\)? u~U0,1]

o Tricky to reparameterize because of the accept—reject step!

A simple method for generating gamma variables, Marsaglia &
Tsang, 2000
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Our strategy: partial reparameterization

o Jdea: Use e ~ m(e; N\) (only weakly dependent on \) s.t.
x = h(g,\) ~ q(x; N

o Then:
VL(A) = VEz(c; ) [logp(h(e, A),y) —log q(h(e, A) ; A)]
=Er(c:n) [Vx (logp(x,y) —logg(x; X)) Vah(e, \)]
reparameterization
+ ET((E i A) [(logp(h(s, >‘)7 y) - log Q(h’(gv >‘) ; A)) Vi IOgﬂ-(E ; A)]

correction

o [ntuition: Interpolating between score function gradients
and reparameterization gradients.
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Rejection sampling and reparameterization

o Jdea:

e Use h(g, \) from the proposal
o Let m(e; A\) be the distribution of the accepted €

e Rejection sampling:
e Propose x = h(g,\), € ~ s(e)

3| dh
o Accept if u <a(e,\) = %w,

u ~ U[0,1]

e Then:

w(e; N) = /o (e, us N)du = M,\s(e)/o 1u < a(e, A)]du

dh

— (e, )5 0 T )
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Sparse gamma deep exponential family

23

Witk

a

Wy, i ~ Gamma(0.1, 0.1)

4»(’) Inl+1.k
Kes

to() Znek
Ke
v

0.1
X/;)F.k: ~ Gamma 01, = 7 _i+1 Wk
' Dok Wik X k!

. 0 1
¥,.q ~ Poisson (E Wk,dx'n.k:>

k

Wik

v

4»0 Zn,1k
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Q

Deep exponential families, Ranganath et al., 2015
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Sparse gamma DEF — Olivetti faces

o5 X107
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2015, Ranganath et al., 2014, Ruiz et al., 2016|
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Variational Monte Carlo methods

e Monte Carlo methods can enable variational inference for
more complex (non-conjugate) models p(x,y)

e But what if we can use Monte Carlo methods to also
define more flexible g(x; A)?

o [ will illustrate how we can do this using sequential Monte
Carlo for the state space model:

T

T
p(X1.75 Yi7) é/”’(x'l)H (1% HQ yilx)
t=2 t=1
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5 Variational sequential Monte Carlo
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Sequential Monte Carlo

Approximation:

P(xyy1 1Y)

Z b
* Wiy s
Update:
e aj_; ~ Discrete (w!-1/5>, wi_,)
) i
o x; ~ (x| Xfi’ll P )

f(xtlX 1 )g(y,\xt)

r(xt|x N

particle

particle

L] [
[ J [ ]
L] [ ]
° [ ]
L] o
time
SIS
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Variational Sequential Monte Carlo

Key idea:
q(x,.p; A) defined by running SMC and sample p(x;.|y,.1)
0.45
0.40 = p(zly)
0.35 r(zA*)
0.30 — (2 AF)
>
£ 0.25
$ 020
go.
0.15
0.10
0.05
0.00
-6 -4 -2 0 2 4 6
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Variational Sequential Monte Carlo Generative Process

VSMC
. . ® [ ) . °
1. Run SMC to get {(Xll:vaZT)}i]\;
2. br ~ Discrete (wi'T/Zl w§) © “SN/NT®
Q
3. return x, ., éxl{:TT £ o o e
o

X1 Nﬁ(xl:T|yl I Z

ZE wf xl T
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Distribution of VSMC

The distribution q is the marginal of xl"T over all random
variables, x|V, al' ¥ | br, generated by VSMC

qx1.7 |y A) =pp Y10 E [ﬁ()’1;1')71)X1:T} )

~ T N
where p(y,.;) £ | ) % D1 Wi
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Surrogate ELBO

We can not directly use the standard ELBO, £(\), because
evaluating ¢ pointwise is intractable.
Consider instead:

E [log p(v,.7)]

Theorem 1 (Surrogate ELBO).

logp(y,.1) = L) = L(N).

Proof. (Idea) Use the definition of L(A) for q(xy.. |y .75 A)
and then Jensen’s inequality. O
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Stochastic Optimization

We optimize the surrogate ELBO £()\) using stochastic
gradient ascent,

VL)) = VE [log iy, 1)] = E | Vlog f(y,.1) +log iy, )V log 4|

Variance reduction using the reparameterization trick,
Rao-Blackwellization, and control variates.
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Theoretical Results

e For some ¢(\) < oo,

c(A
KL (Q(X1;T§ A) HP(XLT | Y1:1')) < %
o With N =T,
13()’1;1')}
KL Xy A X. 7)) < -=E|lo
(Q( 15 A) HP( 11| Y11 )) [ gp(yl:»,w)
a*(\)
——_) s
T— o0 2b

for o2()\) < oc.
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Experiments - Stochastic volatility

Data: 10 years of monthly returns for the exchange rate of 22
currencies wrt to USD

x, = p+ d(x,_y — p) + v, ve ~ N(0,Q)
Xy
¥, = Bexp (5)615, e ~N(0,1)
6960
Method ELBO
6950
Structured VI 6905.1
N4 IWAE 6911.2 Q 6940 —— VsMC
VSMC 6921.6 T 6930 — IWAE
. TWAE 6912.4
- VSMC 6935.8 6920
IWAE 6913.3 6910
N =16 VSMC 6936.6 100 200 300 400 500

N

T, g5 A 0) oc fx x5 OYN (x5 e, i)
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Experiments - Stochastic recurrent neural networks

Data: 105 motor cortex neurons simultaneously recorded in a
macaque monkey

-1080

-1100

-1120

ELBO

-1160

-1180

-1200

-1140

x, = po(x, 1) +exp (op(x, 1)/2) vy,
Y, ~ Poisson (exp (na(x,))),

IWAE d, = 3

IWAE d, = 5
—— IWAE d, = 10
VSMC d, = 3
VSMC d, = 5
—— VSMCd, = 10
0 20 40 60 80

Iterations (10° )

100

Proposal:
T(x¢e|xe—1,¥4) oc f(xe]x415 0)

N (xt; /u(yt),e%*(y‘)) ,

ux(+),oa(:) are inference
networks.
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Work done while visiting Columbia University m

Reparameterization Gradients through Acceptance-Rejection
Sampling Algorithms, Naesseth et al., 2017

Variational Sequential Monte Carlo, Naesseth et al., 2017
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Take-home messages

e Stochastic optimization opens up for interesting new
approximate Bayesian inference methods

e Monte Carlo methods = more flexible variational
approximations with guarantees

e Variational methods = adaptation of Monte Carlo
methods based on a global objective

o

Contact: christian.a.naesseth@liu.se
Website: users.isy.liu.se/en/rt/chran60/index.html
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christian.a.naesseth@liu.se
users.isy.liu.se/en/rt/chran60/index.html
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Subsampling and Variational EM

e Data subsampling y,., = {)"{;1'}?:1
L) =Y E [loghlv],)]
j=1

At each iteration sample a mini-batch of data.
e Variational EM

logpo(yy.1) = L(\,0) = E[logpy(y,.,)]

Maximize /3(/\, ) jointly with respect to A, 0
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