Existence of Solutions
Uniqueness by Gronwall's Inequality
Transition Matrix properties

Adjoint Equation

General Solution

has the unique solution
x(t) = ®(t, o)’

where ®(t,to) is the transition matriz.

Transition Matrix

t
Av@“wov =1 + \:QHVQD.H

to

o1

Example: Time-invariant System

For

i = Ax(t), x(tg) =a°

the transition matrix is

t
n_l\y \KQ.HV \»AQ.NV&Q.N&Q.H
t

0 to

t o1 g2
n_l\y \KQ.HV \wmo.mv \wAQwv&Qw&Qw&QH
t

0 to to

t
D(t,tg) =1 +\ Adoy +

to

I+ At —to) + A?

_ m.b@\wov

so the solution is

x(t) =

2

t g1
\ \p\ Adoydoy + - -+
to to

(t —to)® L

2

oA(t—t0) .0
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Example: Scalar Time-variation

Consider

The transition matrix is

D(t,t0)

t t o1
=TI+ xw\ a(oq)doy + \»w\ @AQHV\ a(og)dosdoy + - -
t t

0 to 0
* 4 t k t
= MU — Ak ﬁ\ @AQV&L = exp A\»\ @AQEQV
k!
k=0 to to
Second equality is nontrivial.
(Recall Two Tank Example)

General Criterion

A(t) N C:qv%n \“ J@%Es

0 0

B(t, to) = QXL\MEQEL

then

Existence Proof on [tg,t + T

To solve:

Recursive approximations:

zo(t) = 4°
r(t) = 2%+ \o A(o)zo(o)do
() = 2%+ \o A(o)z1(0)do

N}

Existence Proof Continued

Explicit form:

t

xp(t) = 2° +\ A(oy)2doy
0

l__l - I_I

t o1 Ok—1
+\ A(o1) \ A(oa) .. \ A(op)x doy, . .. doy
0 0 0




Existence Proof Continued

Let

a = maxg<i<to+7||AD)]|

The maximum exists for continous A(t). Then
fra(8) — o) =

¢
\ A(0)z do
to

t
\ alz®|do
to

< (t— SVEHO_

IN

Existence Proof Continued

Existence Proof Continued

Hence for t € [to, T + to]

(o]

o kk
T
D o) =z a()] < 5 ]
k=1 k=0 ’
_ mQﬂ_Hoi
and by Cauchy’s criterion, the sequence x1,Z2,... converges uniformly

on [to, T + to].
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22 (t) —21(t)] = \ﬁEar;qvlaoAquq
< \WQHHAQVIHOAQV_&Q
< Q\ngvg_%_%
= o?(t—t9)?|z%/2
D\a _ k
o)~z @] < SN0
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Taking limits in

gives

Existence Proof Continued

zp(t) = Ho._l\ﬂw A(o)zy_1(0)do

0

r = 2%+ “xiqviqv&q

to

i(t) = At)xz(t), xz(tg) =a°
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Example: Non-uniqueness

Let
0 fort <t
At) = rr=to
H_.\Q.|wov for t > tg
Then the equation
(t) = A(t)x(t) z(0) =0
has two solutions:
0 for t <ty
r=0and z(t) =

t—to fort >ty

The Gronwall Inequality

Let ¢(t) and v(t) > 0 be continuous and

t

o(t) mg+\ta§€%,wwg

to

for some constant . Then

$t) < el >y,
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Proof of Gronwall

Then

TANV - N\vaw.:zml .\Mo v(o)do m 0
& — ,\,M.o TAQ.v&Q.
a [r0e <0
r(t)e JE, vie)do < (i) =
$(t) <r(t) < el @
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Let
T = A(t)za(t), aaﬁovHao
iy, = A)zy(t), x(ty) = 2°
z2(t) = wma(t) — xp(t)
Then
) = AW)b), z(to) =
=) = Nk%ﬁ%mmf§¥x§%

and by Gronwall's inequality

lz(®)] = 0
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Characterization of ®(¢,ty)

The unique solution of the equation

9X(W) = AOX(): X(to) =1
is »X«va = .Hvﬁuwov.
Proof. Let z(t) = X (t)z°. Then

i(t) = MNS% = At)X (t)z° = A(t)z(t)

so
x(t) = ®(t, to)a°
Hence ®(t,t0)z° = X (t)° for every z°, so

B(t,t0) = X (1)
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Input-driven System

The equation

Proof: Differentiate!

1 cost
e(t) = a(t)
0 0
ao(t) = a9
t1(t) = x1(t) + 25cost
t
1
r(t) = ez + \ ¢!~ cosoado = etx? + MA 4 sint — cost)z
0
et L(et + sint — cost
o(t,0) = 2 )
0 1
-m?g Let=to 4 sin(t —to) — cos(t —t
0 1
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Composition Property

For any ¢, 7,0, the transition matrix satisfies

o(t,7) = D(t,0)P(o,7)

Proof. Let R(t) = ®(t,0)®(0, 7). Then

SR = AW®R®)

R(o) = ®(o,7)
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Theorem by Abel-Jacobi-Liouville

Let A(t) be continuous. Then

det®(t,t)) = exp \HEE&EQ

Interpretation: Volume contraction

Proof of Abel-Jacobi-Liouville

d 0 .
7z det (t,to) = MM 96s; det ®(t,t0) ) ¢45(t, to)
= MU ¢ij(t, to)is (t, o)
,J

- :AQ@;O%@?@V
= tr (D(t,t0)C(t, to)TA(t))
= tr((det B(t, to)I)A(t))
= (trA(t))det D(¢,to)
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Inversion

The transition matrix ®(¢,ty) is invertible for any ¢,t and

Bt tg) 1 = D(tg,t)

Proof. Invertibility by the Abel-Jacobi-Liouville Theorem.

Formula by the composition rule

I = ®(tt) = B(t, to)d(to, t)
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Change of Variables

with new variables z(t) = P(t)z(t) writes

w0 = [POTAWPE) - PO 2

Proof.

APz = Az = & = Pz + P3
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Adjoint Operator

Let M : X — Y be a bounded linear operator. The adjoint operator
M* Y — X is defined by the identity

<y,Mzx> = <M'yz>

forre X,yeY.
Example: Matrix Adjoint

From the equalities
<y, Mz >=y" Mz = (M"y)Te =< M7y, z >

we see that the adjoint of a matrix is given by its transpose.
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Least Squares Problem |

Minimize |Mu — v| with respect to u.

Solution:
@ = (M*M)~'M*v (if M*M invertible)
Property:
0 = <Mz, Ma—ov> forall

Application: Fewer control signals than objectives

Proof]

The definition of @ gives
<Mz, Mi—v>=<ax,M*"Mt— M*v>=0
With 2 = v — 4, it follows that

|Mu —v|* =< M4 — v+ Mz, Ma — v+ Mz >
=< Mi—v,Mi—v>+ < Mz, Mz >
= |Mt —v* + |Mz|?

> |Mi — v|?

This completes the proof
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Least Squares Problem I

Minimize |u| under the constraint Mu = v.

Solution:

4 = M*(MM*)"'v (if MM* invertible)
Property:

0 = <u,4—u> forall uwith Mu=wv

Application: Reach certain state with minimal cost
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Next Week]

Example: Adjoint Transition Matrix

If M :R" — L5'[0,00) is defined by

(Ma)(t) B(t,0) c R e Transition Matries for Periodic Systems
x = 0z, =

hen the adjoint M : Li[0, %) - R™ s g 5 e Transition Matries for Discrete Time Systems
then the adjoint M* : LT*[0,00) — R" is given by
e Internal Stability

My = \ B(t,0)Ty(t)dt
0
Proof:
<y,Mz> = \ y(t)T ®(t,0)xdt

0
oo T

= A\ @?ovﬁwﬁv&v r=<M"y,xz>
0

- y, -
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