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�� � Linearize the fermentation model
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� Determine the reachability Gramian between t� � � and t� � ��

Hard to get a symbolic expression for ��t� s�� Use

d

dt�
Wr�t�� t�� � B�t��B

T �t�� 
A�t��Wr�t�� t�� 
Wr�t�� t��A
T �t��

and solve for Wr�t�� t�� numerically starting with Wr�t�� t�� � �� The assump

tions actually give that �V X�t��Yx
 V �t�G�t�	t�t� � �V �t�Gin	

t�
t�
for any F �t��

� Discuss also how the �gain� and �timeconstant� of the glucose subsystem
changes with time�

The glucose subsystem is much faster than the cell
growth� We have approxi

mately

T
dx�
dt


 x� � Ku

T � ��ksYxV �t�	����VX�t�	

K � ��ksYxGin	����VX�t�	

i�e� T decreases from T � ��s at t � � to T � ���s at t � �h�

while K decreases from K � ��� g����h at t � � to K � ��� g����h at t � �h� ��� p�
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�� Consider the periodic system

�x�t� � ��sin t
 ��x�t�

with period T � ���

� Determine ��t� 	� and a periodic Lyapunov transformation x�t� � P �t�z�t�
giving a timeinvariant z
system�
Scalar system� thus

��t� 	� � expf�

Z t

�
�sin
 
 ��d
g � expfcos t� cos 	 � ��t� 	�g

With R � �� in expfRTg � ��T� �� we have P �t� � ��t� �� expf�Rtg �
expfcos t� �g � �e��� �	�

� Would there exist initial conditions such that

�x�t� � ��sin t
 ��x�t� 
 u�t�

has a periodic solution for u�t� � sin t�

�x��� such that x�t� � x�t
 T � for any f�t� � f�t 
 T �� since
� �� ��T� �� � e��T

��� p�

�� An electrical system consists of three circuits� each with a resistor and an
inductance in series� Assume also coupling between the inductances� Let the
�rst circuit be connected to a voltage source� and let the other two circuits be
closed� Thus the system can be described by

�sL
 R�I�s� � e�U�s�

where L is a positive de�nite symmetric matrix of nonnegative inductances� R
is a diagonal matrix of positive resistances� and eT� � ��� �� �	�

� Introduce a realization

A � �L��R� B � L��e�

� and formulate the PBH
test for controllability�

rank ��I � A�B	 � rank ��L
R� e�	 � �� ��

� Discuss intuitive parameter combinations resulting in lack of controllability�
Assume for simplicity� L��� � �� R��� � ��

L��� � �� L��� � �� means no connection�
L��� � �� L��� � L���� R��� � R��� means two identical circuits by one control�

� Determine the reachable subspace and its dimension for
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A��evalm��inverse�L���R��B��evalm�inverse�L���e���

contr��concat�B�A��B�A��A��B��

rank�contr��colspace�contr��

gives rank � and R

�
�
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� �

� ���

�
��

� There are actually also some nonintuitive combinations� Try �nally to get
a general condition in terms of L���� L���� L���� L���� L��� and R���� R��� �quite
hard��

rank �sL
 R� e�	 � �� rank��sL
R� e�	 ������ ����	� � �

i�e� sL���L��� � L����sL��� 
R���� and L����sL��� 
 R���� � sL���L��� i�e�

R���L��� �L���L��� � L���L���	 � R���L��� �L���L��� � L���L���	

Notice that we still also require that R � �� L � � and Lij � �� ��� p�

�� Assume in the previous example with parameters ��� that L��� � �
������� As

sume also zero initial currents� Consider the voltage function fu�t�� t � ���		g
required to achieve i�	� � if �

� Determine the function um with minimal �
norm� i�e� minimizing jjujj� �R
�

� u��t�dt� Show how you may utilize the lyap
command in Matlab�

Assume �rst �nite �nal time tf � i�e i�tf � � Lu���tf � �
R tf
� ��tf � 	�Bu�	�d	 giv


ing �L�y��t� � BT�T �tf � t�y and um � L��LL����if � where LL
� � Wr��� tf��

Time
invariance and stability gives that Wr���	� � P is the solution to the
Lyapunov equation AP 
 PAT 
 BBT � ��

P �

�
����

������������ �������������� ��������������

�������������� ������������� ��������������

�������������� �������������� ��������������

�
����

Wr��� tf� converges quite rapidly to P � so um�t� � BT eA
T �tf�t�P��if is very

close to optimal for some large tf �

� Which combination of currents if requires the maximal and minimal jjumjj�

From �min�P � � �������� and �max�P � � ���� and the normalized eigenvectors

it follows that if � ��������������������������������� ������������	T gives

jjumjj
� � ���min� and if � ��������������� ������������� �������������	T

gives jjumjj
� � ���max� Notice that the eigenvector corresponding to �min is

almost orthogonal to the reachable subspace in problem ��

��� p�
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�� A linearization of the quadruple
tank process is given by
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with T � ���� ��� ��� ��	 and b � ������� ������ ������ �����	�

� Determine the controller form�
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� and a state feedback making the poles twice as fast�

Three alternatives� Kp� Kc�� Kc��

p��
�	T�Kp � place�A�B�p��

poly�p��Kc���
 
 �� 
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p��poly�p����
����p
�poly�p��������
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�
�
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����p
�
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� Determine also a reduced order observer
with poles at s � ����� and s � ������

�z � �Fz 
 �Gau
 �Gby� �x �

	
y

z 
Hy




F���A���
���
��F�
�A���
������F
��A�������
��F

�A����������

G��B���
����G
�B��������H�diag��
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�H�F�
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�H�G��Gbtilde�F
��H�F���Ftilde�H�
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� Is the resulting controller� i�e� transfer function from y to u� reasonable�

K���K�����
��K
��K��������

Ar�Ftilde�Gatilde�K
�Cr�K
�Dr�K��K
�H�Br�Gbtilde�Gatilde�Dr�

eig�Ar��sysr�ss�Ar�Br�Cr�Dr��sysrtf�tf�sysr�

Kp andKc� give reasonable controllers� whileKc� has very high high
frequency
gain� All three controllers have stable poles� ��� p�

�� � Use Rugh�s method �Corollary ������ to get noninteracting control of the
quadrupel tank� Determine the Markov parameters and the relative degrees�

G
�C�B�Delta�G
�Omega�C�

K��Delta��Omega�A��N�inv�Delta�

sysg�ss�A�B�K�B�N�C�zeros�
���

tf�sysg��eig�A�B�K�

K �
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gives the closed loop system Gc�s� � I 
 �
s after cancellation of the two closed

loop poles f�������� ������g�

�� p�

�� In the enclosed very recent paper is calculated among other things the singular
values of the controllabilitymatrix for a triple inverted pendulum� Assume that
the system is initially at rest� except for a deviation of � degrees in the third
link� Use the controller �����

� Check the closed loop eigenvalues
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eig�A�B�K���

lamc���
����������i ���
����
��i �
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��i �����������i ��

lamc��lamc�conj�lamc���

K��place�A�B�lamc�

Obtained eigenvalues are actually unstable� There is something wrong with
K��� but K � ������� ������������� ����� ������ ������� ������ �����	 gives the
desired eigenvalues�

� and determine the square integral of the control signal� Hint� Determine a
Lyapunov equation for the integral

xT�

�Z
�

�
e�A
BK�T tKTKe�A
BK�tdt

�
x�

P�lyap��A�B�K���K��K��

zPz�P���������pi	��
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� Use Matlab� c
d� to sample the system with sampling interval h � ��ms�

�Phi�Gamma��c
d�A�B�
�
�
�

� Minimize the control signal norm to reach the origin in ���� sampling in

tervals� using the discrete time controllability Gramian Wc��� ������ One idea
would be to �nd a recursion for Wc��� k��

Determine um minimizing jjujj in

� � ��kf � ��x� 
R��� kf�u���kf���

With

x� � Lu � L��� kf�u���kf���

L��� kf� � �����kf � ���� � � � ��
���kf � ����kf� ���	 � ���kf�� � � � �����	

we have

um � L��LL����x�� Wc��� kf� � L��� kf�L
T ��� kf�

Therefore

L��� kf 
 �� � ����L��� kf�� �
���	

Wc��� k
 �� � ���Wc��� k��
�T 
����������T

The instability and numerical roundo errors make it hard to use the recursion�

PiG�Phi�Gamma�Q�PiG�PiG��Wc�Q�kf��

�

for k���kf�Wc�Phi��Wc	Phi��Q� end

Wci�inv�Wc��

Wci���������pi	��
��


�� p�
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