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Abstract
In this work we apply sequential Monte Carlo methods, i.e., particle fil-
ters and smoothers, to estimate the state in a certain class of mixed lin-
ear/nonlinear state-space models. Such a model has an inherent condition-
ally linear Gaussian substructure. By utilizing this structure we are able to
address even high-dimensional nonlinear systems using Monte Carlo meth-
ods, as long as only a few of the states enter nonlinearly. First, we consider
the filtering problem and give a self-contained derivation of the well known
Rao-Blackwellized particle filter. Thereafter we turn to the smoothing prob-
lem and derive a Rao-Blackwellized particle smoother capable of handling
the fully interconnected model under study.

Keywords: SMC, Particle filter, Particle smoother, Rao-Blackwellization
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Abstract

In this work we apply sequential Monte Carlo methods, i.e., particle
filters and smoothers, to estimate the state in a certain class of mixed
linear /nonlinear state-space models. Such a model has an inherent con-
ditionally linear Gaussian substructure. By utilizing this structure we
are able to address even high-dimensional nonlinear systems using Monte
Carlo methods, as long as only a few of the states enter nonlinearly. First,
we consider the filtering problem and give a self-contained derivation of
the well known Rao-Blackwellized particle filter. Thereafter we turn to
the smoothing problem and derive a Rao-Blackwellized particle smoother
capable of handling the fully interconnected model under study.

1 Introduction

A common problem in many different fields of science is that of estimating the
state of a dynamical system, based on noisy observations from the system. If
the system under study is linear and afflicted with Gaussian noise, the posterior
distribution of the states, conditioned on the observations, is available in closed
form, which allows for optimal inference. However, if the system is nonlinear
and/or non-Gaussian, this is no longer the case. To be able to deal with such
systems, we thus need to resort to approximations. One popular approach is
to use sequential Monte Carlo (SMC) methods, which rely on random sam-
ples from the sought distributions, see e.g., [2, 4]. SMC is known to perform
well for systems of fairly low dimension, but for high-dimensional systems the
performance can be seriously degraded.

In this document we shall consider a special kind of nonlinear systems, con-
taining conditionally linear Gaussian substructures (see Section 2). By uti-
lizing this structure, it is possible to address even high-dimensional systems
using Monte Carlo methods. This idea, known as marginalization or Rao-
Blackwellization, is well known in the literature. This is especially true when
it comes to Rao-Blackwellized particle filtering (RBPF), which is discussed in
for instance [11, 3]. Rao-Blackwellized particle smoothing (RBPS) is somewhat
more immature, but two different smoothers are presented in [5] and [1] respec-
tively. In [9] the RBPS derived in this work is used in an expectation maxi-
mization algorithm to estimate unknown parameters in a mixed linear /nonlinear
state-space model.



The purpose of this work is to give an explanatory derivation of the RBPF
given in [11], and the RBPS, previously given in [5], in a unified, self-contained
document. We shall also extend the smoother of [5] to be able to handle the fully
interconnected model (1) under study. To the best of the authors’ knowledge,
this is the first time that a RBPS applicable to this kind of model is presented.

2 Problem Formulation

Consider the following mixed linear /nonlinear state-space model

arr1 = far) + A%ar) 2z + wi, (1a)
Zer1 = [P (ar) + A% (ar) 2 + wf, (1b)
Yy = h(at) + C’(at)zt + . (1(3)

The model is nonlinear in a;, which will be denoted the nonlinear states, and
affine in z;, which will be denoted the linear states!. The process noise is
assumed to be white and Gaussian according to

w, = |:Z§:| NN(O,Q(at))a Q(at) = (Qg:((gz)))j* QQGZZ((QG:)) (1d)

and the measurement noise is assumed to be white and Gaussian according to
er ~ N (0,R(ar)) . (le)

The initial state z; is Gaussian according to
z1 ~ N (z1)0(a1), Prjo(ar)) - (1f)

The matrices Q(a¢), R(a;) and Pyjg(a1) are all assumed to be non-singular (for
all values of their arguments). The density of a1, p(a1), is assumed to be known.

Given a set of observations y1.s 2 {yi,...,ys} we wish to do inference in
this model. More precisely we seek to compute conditional expectations of some
functions of the states

E[g(a1.4, 21:4) | Y1:s] -

We shall confine ourselves to two special cases of this problem, filtering and
smoothing, characterized as follows:

1. Filtering: At each time ¢t =1, ..., T', compute expectations of functions
of the state at time ¢, conditioned on the measurements up to time s = ¢,
ie.,

E[g(at, 2¢) | y14] - (2)

2. Smoothing: At each time ¢t = 1, ..., T — 1, compute expectations of
functions of the states at time ¢ and ¢+1, conditioned on the measurements
up to time s =T > ¢, i.e.,

E[g(att+1, ze:041) | yr1] - (3)

IThis type of model is often called conditionally linear Gaussian, even though conditionally
affine Gaussian would be a more suiting name. However, the difference is of minor importance,
and we shall use the former name in this report as well.



The reason for why we, in the smoothing case, consider functions of the states
at time ¢ and ¢+ 1 is that expectations of this kind often appear in methods that
utilizes the smoothing estimates, e.g., parameter estimation using expectation
maximization [12]. Clearly, functions of the state at just time ¢ or ¢t + 1 are
covered as special cases.

3 Importance Sampling and Resampling

In the interest of giving self-contained presentation, this section will give a short
introduction to importance sampling (IS) and sampling importance resampling
(SIR), which is the core of the well known particle filter (PF).

3.1 Importance sampling

Assume that we wish to evaluate the expected value of some function of a
random variable g(z), where z ~ p(z), i.e., we seek

I(g(2)) = Eplg(2)] = /g(Z)p(Z) dz. (4)

Now, if this integral is intractable we can approximate it with the Monte
Carlo (MC) expectation

I;(9(2) = Zg(zi% ()

where {z?}Y¥ | are independent samples from p(z). This sum will under weak
conditions converge to the true expectation as N tends to infinity.

It is convenient to introduce an approximation of the continuous distribution
p(z) based on the samples 2°, as

§E) ~ ) = 1 a2 ©)

where 0(-) is the Dirac d-function. p(z) will be referred to as a point-mass
approximation of p(z) since it has “probability mass” only in a finite number of
points. If (6) is plugged into (4), the approximation (5) is obtained.

The problem that one often faces is that it is hard to sample from the
desired distribution p(z) (which we will refer to as the target distribution).
However, this can be handled using importance sampling. Introduce a proposal
distribution ¢(z), which we easily can draw samples from. The support of the
proposal should cover the support of the target, but besides from this we can
choose it arbitrarily. We then have

I(9(2)) = /Q(Z)p(Z) dz = /g(Z)Mq(z) dz = I, (g(z)p(z)>

q(2) q(2)
e (g P@Y _ Lo pE)
~ iy (o2 ) = N o ™)



where {2*}¥ | are independent samples from ¢(z). We see that this leads to the
same approximation as in (5), but the samples are weighted with the quantities

i o 1p(z")

R TED ®)
known as importance weights. This corrects for the bias introduced by sampling
from the wrong distribution. For this method to work it is important that the
proposal density resembles the target density as good as possible.

It is often the case that the target (and possible also the proposal) density
only can be evaluated up to a scaling factor. Let p(z) = p(2)/Z, and ¢(z) =
4(z)/Z, where p(z) and ¢(z) can be evaluated, but Z, and Z, are unknown
constants. If this is plugged into (7) we obtain

N 5( i
(o) ~ Fh5 S A, o)

To obtain an approximation of the unknown constant Z,/Z, we can use the
same set of samples and note that

Z, 1 . _ 1 Zga(2)
2= [ pede= 5 [p07d

_ [p(2) e (D)) _ 10D N
,/q(g)q(z)dZNIq <q(z)> *NZq(zi) —Zw, (10)

a1 9(2")
~1 A
e — 11
YT NG (11)
An approximation of the (normalized) importance weights is then
. Zy 1 p(zY)  Zy '
1 __ q 7p( ) q uv)z ~ & (12)

T Z, Nz "z, N @

From now on we shall drop the " from the target and the proposal distribu-
tions, but keep in mind that the normalization of the importance weights is due
to the unknown scaling factors.

We can use the result of the importance sampling to approximate the target
as a point-mass distribution similar to (6), yielding

N
p(z) = pB(z) = Zwif;(z -2, (13)

where z° are sampled from the proposal. The importance sampling method is
summarized in Algorithm 1.

3.2 Sampling importance resampling

As pointed out in the previous section, the IS sampling scheme will result in a
weighted sample from the target distribution, {2, w’}}¥ ;. If we for some reason



Algorithm 1 Importance sampling

1. Choose an appropriate proposal density ¢(z).

2. Draw N independent samples from the proposal

2t~ q(2), i1=1,...,N.

3. Compute the importance weights and normalize

i=1W

4. Approximate the target distribution as

N . .
Po(2) = Z wo(z — %), (15a)

which can be used to compute expectations according to

N . .
1;(9(2)) = /g(Z)ﬁIS(Z) dz = Zwlg(Z’)- (15b)

seek an unweighted sample from the target (this is for instance important in
SMC), we can employ sampling importance resampling (SIR).

The idea is very simple. Since IS gives us an approximation of the target
distribution (13), we can draw N new, independent samples from this distribu-
tion

G ~pS(z),  j=1,..., N (16)

Since (13) can be seen as a discrete distribution with support at N different
points, each with probability w’, i = 1, ..., N, sampling from this distribution
is straightforward. We simply set ¢/ = 2 with probability w’, i.e., P(¢? = 2%) =
w' for j =1, ..., N. The sample {¢/}}_; will be an approximate sample from
the target p(z). Since the approximation (13) improves as N tends to infinity,
so will the quality of the sample {¢’ };\le

4 Rao-Blackwellized Particle Filter

The Rao-Blackwellized particle filter (RBPF) is a Monte Carlo method used to
compute expectations of the type (2). The filter uses SIR in a way that exploits
the structure in model (1). The sought expectations can be expressed as

E [Q(auzt) | yl:t] = //g(anzt)p(at,Zt | yl:t) daydz;
= //g(ahzt)p(zt | 14, y1:0)p(a1:t | Y1:e) daradze.  (17)



The trick is that the distribution p(z; | @1.4,y1.¢) (i.e., the filtering distribu-
tion for the linear states conditioned on the nonlinear state trajectory ai.; and
the measurements y;.;) can be computed analytically. We thus only need to
use sampling techniques for the nonlinear states, which reduces the variance of
the estimator. This is known as Rao-Blackwellization after the Rao-Blackwell
theorem, see [8]. Let us rewrite (17) as

Blg(or.z0) [l = [ ( [ stewznte | y)d) plars | i) dav

= /E[g(at,zt) | al:tayl:t]p(al:t \ yl:t) dai
~ Y Wik [g(a}, z) | alyy14) (18)
i=1

where we have made use of the IS approximation (15). Observe that the ex-
pectations in (18) are with respect to z;, conditioned on the nonlinear state
trajectory (and the measurements).

The task at hand can thus be formulated as follows; given y1.; = {y1,...,9:},
draw N samples from the distribution p(ay.+|y1.¢) using importance sampling.
For each of these samples {a},,}Y ,, find the sufficient statistics for the density
p(z¢ | ai., yit). Do this sequentially for t =1, ..., T.

4.1 Updating the linear states

We shall start the derivation of the RBPF by showing how we can obtain the
distribution p(z; | a1.¢, y1.¢) sequentially. As already stated this distribution will
be available in closed form. More specifically it will turn out to be Gaussian,
and we thus only need to keep track of its first and second moments.

The derivation will be given as a proof by induction. By the end of this
section we shall see that p(z; | a1,y1) is Gaussian and can thus be written
according to p(z1 | a1,y1) = N(21;Z11(a1), Pij1(a1)) where we have defined
Z1)1(a1) and Pyj;(a1) as the mean and covariance of the distribution, respectively.
Hence, assume that, for ¢ > 2,

p(z—1 | ave—1,y1:0-1) = N (213 Z—1j—1(a14-1), Poqpe—1(a14-1)) . (19)

where the mean and covariance are functions of the state trajectory ai.;1 (nat-
urally, they do also depend on the measurements y;.;_1, but we shall not make
that dependence explicit). We shall now see that this implies

p(ze | avie, y1:e) = N (205 Zye(are), Poe(ar:)) (20)

and show how we can obtain the sufficient statistics for this distribution.
Using the Markov property and the state transition density given by the
model (1), we have

p(zt,&t | Zt—laalzt—laylzt—l) = p(zuat \ Zt—17at—1)

o(E el s et S



which is affine in z;_;. A basic result for Gaussian variables, given in Corol-
lary A.1in Appendix A, is that an affine transformation of a Gaussian variable
will remain Gaussian. If we apply this result to (19) and (21) we get

P(2t,at | @11, Y1:0-1)
— ag| 04t|t—1(a1:t—1)]
N ([zt} ' |:Ctt—1(a1:t—1) ’

with (the dependencies on a;—1 and ay.;—1 have been dropped to keep the no-
tation simple)

E?‘tfl(al:t—l) Z15a|?5,1(al:t—1)
(E(tlé_l(al:t—l))T Eflt_l(alzt—l) ’
(22a)

agji—1(are—1) = f*+ A"Z 161, (22b)
Gere—1(ars—1) = f*+ A% Z_q—1, (22¢)
fle—1(a1e—1) = Q" + APy 1 (A%)", (22d)
fi1(ae1) = Q¥ + A“Pr_y1 (A7), (22e)
tz|t_1(a1:t—1) =Q"+ AZPt71|t71(AZ)T- (22f)

This is simply a prediction of the state at time ¢, conditioned on a1.;—1 and
y1:1—1- In (22b)—(22¢) the system dynamics is simulated and (22d)—(22f) shows
how the uncertainty in the prediction depends on the process noise and the prior
uncertainty in the linear state.

Using Theorem A.2 we can marginalize (22) to obtain

play | are—1,y1:0-1) =N (at;Oét|t71(a1:tf1)7Z?\t,l(autq)) (23)

and from Theorem A.1 we can condition (22) on a; to get

p(ze | ave, y1iu—1) = N (245 Zye—1(ar:e), Popp—1(a11)) (24a)

with
Zyji—1(a1:¢) = Geje—1 + (Z?ﬁ_1)T(E§|t—1)7l(at — ufe—1), (24b)
Bije-1(a1:) = Zat—l —( ?ﬁ—l)T(Z)ﬁt—l)_l( ?ﬁ—l)- (24c)

The above expressions constitutes the time update of the filter. The prediction
of the nonlinear state, which will be used in the sampling (see Section 4.2), is
given by (23). Once the nonlinear state trajectory is augmented with a new
sample we can condition the prediction of the linear state on this sample, ac-
cording to (24). In doing so we provide some information about the linear state,
through the connection between the linear and the nonlinear parts of the state
vector. From (24) we see that the estimate is updated accordingly and that
the covariance is reduced. This update is very similar to a Kalman filter mea-
surement update, and is therefore sometimes denoted the “extra measurement
update” of the RBPF. Observe however, that we have not used any information
about the current measurement y; up to this point. This is what we will do
next.
From (1) we have the measurement density

p(yt | al:tyztaylztfl) = p(yt | atazt) = N(yt§h(at) + C(at)ztuR(at))7 (25)



which is affine in z;. We can thus use Corollary A.1 and the result (24) to obtain
the measurement likelihood

Pyt | a1, y1e—1) = N (ye; Ge(a1:¢), Se(ar:)) (26a)

with
Ut(ar:e) = h+ CZyi—1, (26b)
Si(a1:4) = R+ CPt\t710T7 (26¢)

and also the posterior of z; conditioned on the new measurement

p(ze | v, y1a) = N (265 Zepe(are), Prye(ar)) (27a)
with
Zye(ar:e) = Zeje—1 + Ke(ye — 91, (27b)
Pt\t(alzt) = Pyy—1 — KiCPyy_q, (27¢)
Ki(a1.) = Pt|t710TSt71- (27d)

Now, if we define y1.0 = 0, so that p(z1 | a1.1,¥1.0) = p(z1 | a1) and analo-
gously for other distributions, we see that the expression (24a) coincides with
the prior (1f) at ¢ = 1. The computations in (24) — (27) will thus hold at
t = 1, which in turn implies that p(z1 | a1,y1) = N (21; Z11(a1), Pij1(a1)) and
the assumption (19) is valid for t > 2.

4.2 Sampling the nonlinear states

As we saw in the previous section, the filtering distribution for the linear states
z¢ could be computed analytically when conditioned on the nonlinear state tra-
jectory ai.;. However, the filtering distribution for a1.; is not available in closed
form and we must thus resort to approximations. In this work we use Monte
Carlo approximation, in which a distribution is represented by a number of sam-
ples from it. In this section we shall see how we sequentially can sample from
the filtering distribution for the nonlinear states p(ai.; | y1.+) using importance
sampling.

Let us assume that ¢ > 2. Sampling at time ¢ = 1 can be done from straight-
forward modifications of the results given here. Hence, the target distribution
can be expressed as

p(alzt | yl:t) O(p(yt | al:taylztfl)p(alzt | yl:tfl) (28)
:P(yt | al:tvyl:tfl)p(at \ a1:t71,y1:t71)]3(611:t71 | ylztfl)o

To sample from this target distribution, we choose a proposal distribution, which
factorizes according to

q(ars | Y1) = qlag | a1:—1,y1:0) q(@1:0—1 | Yr:0-1) - (29)
| R S ——
previous proposal

Observe that this is not a generally applicable factorization of a probability
density function, due to the missing conditioning on ¥, in the second factor.



Sampling from (29) can be done by first sampling from ¢(ai.t—1 | y1.4—1)
(which is already done at time ¢ — 1) and then append samples from g(a; |

azi:tfla yl:t)v
ai ~q(ay | a’li:tflvyl:t%
aﬁ:t = {azlztflvalzt}' (30)
The importance weights are given by, using (23) and (26),

i p(a’i:t | Y1:¢) (Yt | ai:taylzt—l)p(ai | ai:t—laylzt—l) p(ailzt—l | Y1:0-1)

¢ q(azlzt ‘ yl:t) q(a’% | allztfl’ylit) Q(all:tfl | yl:t—l)
| S —

—apt
=wy_

1

N (yt; Qt(ai;t% St(azi:t)) N (a;‘;; at\tq(ai;tﬂ)’ Z?\Fﬂai:tfl))

q(at [ aiy 1, 914)

— 7
= Wiy

(31)

Since we only know the importance weights up to proportionality they should,
according to (12), be normalized so that

> wi=1. (32)

4.3 Resampling

Just as in “standard” particle filtering we need to resample the trajectories to
avoid degeneracy, see for instance [3]. The basic idea is to discard particles
with low weights and duplicate particles with high weights. This is done in
a resampling step, similar to what is discussed in Section 3.2. Many different
resampling procedures have been proposed, see e.g., [2]. Any method of choice
can be used in the RBPF.

4.4 RBPF algorithm

We summarize the Rao-Blackwellized particle filter in Algorithm 2. To simplify
the notation, for functions in argument a; or ay.¢, e.g., R(a;) and Zy(a1.), let
us write R = R(a}) and 2§|t £ Zyi(al,) ete.

In the interest of giving a somewhat more compact presentation, the algo-
rithm is only given for time ¢ > 2 and does not show how to do the initialization
at ¢ = 1. However, this initialization is very similar to the steps given in the
algorithm. In step 1, we choose a proposal ¢(a; | y1), since we do not have any
“old” trajectory to condition on. Step 2 is not needed since we have an initial
“prediction” of the linear states, Z1)o(a1), ]51|0(a1) from the prior distribution
(1f). In step 3, the weights are given by
N (y1:91, 1) p(al) ; W}

i , Wi =SSN -
q(ay | y1) Dol Wy

i
wy, =

with §¢ and S? as in Algorithm 2. Finally, step 4 and step 5 are identical to
Algorithm 2.



Algorithm 2 RBPF (for t > 2)

1. Sampling: Choose a proposal g(a; | a1.4-1, y1:t), draw new samples and
append to the nonlinear state trajectories. For: =1, ..., N,

ai ~ q(at | aqi:t—lvyl:t)’

ali:t = {ai:tﬂa ai}.

2. Prediction: Predict the state and condition the linear state on the newly

drawn ai. Fori=1,..., N,
i _ pai R
Qg1 = Jy1 At71zt—1|t—1»
g _ pzyi ER s az,i \T /ya,t —1/ 1 7
Zijp—1 = Ji21 t At—lzt—1|t—1 + (Zt\t_l) (Zt\t_l) (a; — at\t—l)a
7 VRt _ az,i \T a,i -1 az,i
Ptltf1 - Zt|t—1 (Zt|t—1) (Zt|t—1) (zt\t—l)’
with
a,i _ a,t a,i 7 a,i \T
Et|t—1 = Qo + A4 t—1|t—1(At—1) )

az,i  __ az,i a,t 7 2,4 \T
by = Q1 + AP (A)7,

tjt—1
Z,1 N3 R i 2,4 \T
by = Qi + A Py (A5

tlt—1
3. Weighting: Evaluate and normalize the importance weights

N (s 95, SN (afsody 0S5 )

: ) w 7=1,..., N
qlaj | aly_y, 1) i Ty

Z?i = hi + szzhf—l?
St = R + CiPj_,(C)".
4. Update the linear states: Compute the sufficient statistics for the
linear states, given the current measurement. For ¢ =1, ... N,

e = Zije— + K¢ (ye — 01),

Ptllt = Ptllt—l - Ki{Cy tZ\t—lv
) ) T i1

K= tllt—l(ctz) (S;) :

5. Resampling: Use a resampling scheme of choice and update the impor-
tance weights {wi}Y ; accordingly.

10



5 Rao-Blackwellized Forward Filter Backward
Simulator

In this section we shall derive a Rao-Blackwellized particle smoother (RBPS).
This smoother was first derived in [5], but for a slightly different model structure,
in which the nonlinear state dynamics are independent of the linear states. In
this section we will make the derivation for the fully interconnected model (1).
In Section 5.4, the relationship between the smoother given here and the one
presented in [5] is discussed.

The smoother is a so called forward filter backward simulator (FFBSi) type
of smoother since it is based on a forward pass of the standard RBPF presented
above, and a backward simulation where new “smoothed” samples are drawn
from the grid spanned by the forward filtering (FF) pass.

5.1 Derivation

The Rao-Blackwellized FFBSi (RB-FFBSi) is a Monte Carlo method used to
compute expectations of the type (3), i.e.,

E [g(at:tJrh Zt:t+1) | ylzT]

= //g(at:t+1aZt:t+1)p(at:t+lyzt:t+1 | y1.7) dags41d2ee41
= //g(at:t+1aZt:t+1)p(zt:t+l | at.r,yir)p(asr | yir) dasrdzesp1. (33)

As previously mentioned, the reason for why we consider functions of the states
at time ¢ and ¢+ 1 is that expectations of this kind often appear in methods that
utilizes the smoothing estimates, e.g., parameter estimation using expectation
maximization [12]. Expectations of functions of the state at either time ¢ or t+1
are clearly special cases and are thus also covered. However, it can be instructive
to consider such functions explicitly anyway. We shall thus focus the derivation
of the smoother on finding (approximate) expressions for the densities

placT | y1.17) fort=1,...,T, (34a)
p(Zt ‘ ag.T, yl:T) for t = 1a ey Ta (34b)
p(zt:41 | @t Y1.7) fort=1,...,T—1. (34c)

We shall assume that we have performed the forward filtering already. We
have thus, for t = 1, ..., T, obtained N nonlinear state trajectories with cor-
responding importance weights, {al,, wi}Y ,, sampled from the distribution
plai.: | y1.1)- We have also, for each of these trajectories, evaluated the suffi-
cient statistics for the linear states,

{2t|t(a'§:t)v Pt|t(a§;t)}i]\;1- (35)

As indicated by (35), the sufficient statistics are functions of the nonlinear state
trajectory. This implies that if we take a different path forward through the
nonlinear part of the state-space, this will influence our belief about the linear
states. However, in the FFBSi we will sample trajectories backward in time
which typically will be different from the forward trajectories (see Figure 1 and

11



Figure 2 for an illustration). During the backward simulation we can hence not
allow ourselves to condition on the entire forward nonlinear state trajectory. To
circumvent this we will make the following approximation.

Approximation 1 At each time t = 1, ..., T, the filtering distribution for
the linear state z; does not depend on the entire nonlinear state trajectory, but
merely on the endpoint of this trajectory, i.e.,

p(zt \ al:tyylzt) = p(zt \ at7y1:t) =N (Zt;gt\t(at)apt\t(at)) (363)

with
Zyje(ar) = Zyje(ane), (36b)
Pt|t(at) = Pt|t(a1:t)a (36¢)

where Zyi(a1.¢) and Pyy(ay.) are given by the RBPF recursions.

The above approximation can be motivated by considering the point-mass
approximation of the filtering distribution from the RBPF,

N
p(Zt, ai:t | yl:t) ~ szN (Zt7 zt\t(ai:t)ﬂ Pt\t(ai:t)) 5(0’1115 - ai:t)' (37)
1=1

If we marginalize this distribution over a1.;—1 we obtain

N
p(zear | yra) = > wiN (205 Ze(al,,), Pue(al,,)) 8(ar —ap), (38)
i=1

which implies
p(Zt | at = ai’yl:t) %N (Zt;2t|t(a’i:t)7pt\t(a’i:t)) . (39)

From (39) we get precisely Approximation 1. The expression (39) is indeed an
approximation, as opposed to (20) which is exact. The reason for this is that in
the marginalization (38), the point-mass (particle) approximation representing
the distribution in the a1.;—1-dimensions of the state-space is “injected” into the
linear states as well. It should be mentioned that Approximation 1 is required
also in the original RB-FFBSi derived in [5].

The task at hand is now to draw the backward trajectories, i.e., samples from
the smoothed distribution @], ~ p(apr | y1.7), j = 1, ..., N and thereafter
evaluate p(z | &{:T, y1.7) and p(z¢.e41 | &{:T, y1.7) (the latter only for ¢ < T') for
each sample. We see that the task is already fulfilled at time ¢ = T, since the FF
then supplies the sought samples and distributions (under Approximation 1).
These samples are however, due to the importance sampling nature of the RBPF,
associated with corresponding weights. The RB-FFBSi does not use importance
sampling, but is instead designed to sample on the grid spanned by the FF. This
can be seen as a kind of resampling of the FF where the “future” measurements
are taken into account. To initialize this procedure at time ¢t = T" we shall thus
conduct an initial resampling of the FF.

The derivation is now presented as a proof by induction. We shall assume
that we have the samples {EL§+1:T}§-\’:1 and that the distributions for the linear
states are given by

P(ze41 \ aty1.7,Y1:7) = N (Zt+1; 5t+1\T(at+1:T)7Pt+1\T(at+1:T)) (40)

and show how to complete the recursions at time ¢.
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°

| | | )
2 3 4 5
Time

Figure 1: Particle trajectories for N = 4 particles over T' = 5 time steps after a
completed FF pass. The sizes of the dots represent the particle weights.

1.5

L L L \ _ L L L
2 3 4 5 1 2 3 4

Figure 2: The simulation of a single backward trajectory. Upper left; one of
the FF particles is drawn randomly at ¢ = 5, shown as a blue asterisk (*).
The particle weights at ¢t = 4 are thereafter recomputed and another particle
is drawn and added to the backward trajectory. Upper right and lower left;
the trajectory is appended with new particles at ¢ = 3 and ¢ = 2, respectively.
Lower right; a final particle is appended at ¢t = 1, forming a complete backward
trajectory. Observe that the trajectory differs from the ancestral line of the
particle as it was in the FF.

13



5.2 Sampling
Our target distribution (for the nonlinear states) can be factorized as
placr | yi.7) = plat | avrrr, y1.r) plasirr | yir) - (41)
—_———
previous target

We can thus, as will be shown, sample a] ~ p(a; | @} 1.7,y1.7) and append the
samples to the previous ones, aj., = {af,a] ,.r}.

It turns out that it is in fact easier to sample from the joint distribution (see
Appendix B)

P(Zt+1,a1:t | at+1:T>y1:T) :p(alzt \ Zt+laat+1:Tayl:T) P(Zt+1 | at+1:T7y1:T)

known Gaussian from time ¢ + 1

. . (42)
We can easily sample %, ~ p(zi41 | @ 1.7, Y1) and thereafter aj, ~
plaie | 21, @ 1.0 yi7) (which we will show next) to obtain a sample,

{2g +1v@J1A:t}: from the joint distribution. We can then simply discard everything
but a.
The first factor in (42) is given by (see Appendix C)

p(al:t | Zt+17at+1:T7yt:T) :p(al:t | Zt+17at+17y1:t)- (43)

This result is rather natural; given the states at time ¢t + 1, there is no extra
information available in the states at time 7 > ¢ + 1 or in the measurements at
time 7 > t. We can write
p(2t+17at+1 | a1:t,y1:t)p(a1:t \ ylzt)

p(zt+1; ar1 | Yist)
o /in argument ar.¢/ o p(2i41, ars1 | avie, Y1:e)p(ane | y1:e), (44)

p(alzt | Zt+17at+1>y1:t> =

where, from (22), the first factor is given by
P(Zi41, Qg1 | arit, Yit)
=N {atﬂ} . [atﬂu(al:t)} E?ﬂ\t(al:t)T Zia(ar) .
zep1] " [ Ggape(ane) |7 (Z?il‘t(am)) Etz+1|t(a1:t)
(45)

For the second factor in (44), our best approximation is a point-mass distribution
(from the FF),

N
plare | y1:) = > wid(ary — al,). (46)
i=1

The way in which we can sample from (44) is thus to draw among the particles
given by the FF, with probabilities updated according to the samples z7 41 and

aj, . Summarizing the above we obtain

N o ) )
D i1 w%p(zi_H, ai_H | al.s, y1:t)0(ar.e — ai.y)

~ ——
Zk:l wfp(ziﬂv a§+1 | a]f:t’ylzt)

N
- Z wz"gpé(al:t — a’i:t)7 (47)
i=1

p(al:t ‘ 2g+1ad‘z+1;T7y1:T) ~

14



with

ij A w}:p(éiﬂ,diH ‘azi;tvyl:t) 4
T T N ki k ’ (48)
Zk:l wtp(zt+1aat+1 | af.s, y1:)
The backward simulation is illustrated in Figure 1 and Figure 2.
5.3 Smoothing the linear states
Once we have sampled the nonlinear backward trajectories {&{;T}év:p the next

step is to find the sufficient statistics for the linear states, that will turn out to
be approximately Gaussian,

Pzt | apr,y1:1) ~ N (Zt; 5t|T(at:T), Pt|T(at:T)) . (49)
This will be done in the following way:

1. Use the FF solution to find the distribution p(z; | 2441, as.r, y1.7) which
is Gaussian and affine in z;41.

2. Approximate the distribution p(z;41 | ar.7, y1.7) as the conditional smooth-
ing distribution for the linear states at time ¢ + 1, p(z¢41 | apr,y1.7) =

P(2t+1 | A¢41:T, yl:T)-

3. Combine p(z: | zt41,ae.7,y1.7) and p(ze41 | awr, y1.7) to get the condi-
tional joint (in z; and z:;41) smoothing distribution for the linear states
at time ¢, p(z¢.441 | a7, y1.7) and also the marginal “version” of this
P(Zt | ag.T, yl:T)-

We will now address these three steps in order.

5.3.1 Step 1 - Using the filter information
We shall now find an expression for the distribution
p(zt | 211, a1, Y1) = P(2¢ | Zt+17ataat+lay1:t) (50)

(see Appendix C for the derivation of this equality). We have the transition
density

p(zt+1aat+1 | Zt,at»ylzt) = p(2t+1,at+1 | Ztvat)

) N( o) @Jf@ oy Ta))

2f(ar) 2A(ar) =Q(ax)
(51)
and, using Approximation 1, the filtering distribution
p(z | at, y1:e) = N (Zt§5t|t(at),Pt|t(at)) . (52)

This is an affine transformation of Gaussian variables, and from Corollary A.1
we thus get

p(2t | zeg1, as, a1, 91:40) = N (Zt; Ez‘rt(at:t+1)7p;‘rt(at:t+1)) ) (53)
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with
zxt(at:t+1) = P;ﬁ(at:tﬂ)(A(CLt)TQ(atr1 ([atTH Z?H]T - f(%))
+ Pyulan) " Zpar)). (54)

To expand the above expression we introduce

[(We(ar) W#(ar)] = Alar)"Q(ar) ™
= [(A“(at))TA”(at) + (A% ()" (A (ar)) "
(A(ar))" A" (ar) + (Az(at))TAz(at)} (55b)

“ar)  A(ar)
Q(at) [( Aoz ( ))T Az(at)} (55a)
(

yielding (dropping the arguments a; and a;41 in the first two rows to keep the
notation uncluttered)

Zﬁt(at:ﬂrl) = PtJlrt (W“(at+1 - fa) + WZZtJrl - szz + Ptitliﬂt)

= PtTtWZZtH + Pt‘t (Wa(at+l — [ =W+ P Zt\t)

(56)
éc:ﬂt(amwl)
= Py (aer1) W (ar) 2e41 + ¢f (1)
Furthermore, the covariance matrix is given by
Pl(agi1) = (Pyelad) ™+ Aar)"Q(ar) ' Alay)) ™
= (Pye(a) ™ + W(a) A%(a@) + W*(a)A* () (57a)

or alternatively

P;ft(at:tﬂ) = Pyi(ar) — Pyela) A(a)” (Q(ar) + A(at)Pﬂt(at)A(at)T)_l

x A(at)Pye(ag).  (57b)

5.3.2 Step 2 - Approximating the smoothed distribution

From the above discussion we have that p(z: | ze41, ar.T, y1.7) is Gaussian and
affine in z;y. Thus, if also p(z¢11 | aw.r,y1.7) would be Gaussian, we could
apply Theorem A.3 to obtain the sought smoothing distribution. This will be
done in Section 5.3.3.

However, the distribution p(z¢41 | an.,y1.7) is typically not Gaussian. To
circumvent this we shall use the following approximation.

Approximation 2 For all backward trajectories, {ZL{:T};-Vzl we shall assume
that

P(Ze41 | di;T,yLT) ~ (241 | diH;T,yLT) =N (Zt+1;ii+1|Tan+1\T) - (58)
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The approximation implies that we assume that the smoothing estimate for
2411 is independent of which FF particle a! that is appended to the backward
trajectory. This approximation can be motivated by the fact that a particle
al is more probable to be drawn if it has a good fit to the current smoothing
trajectory. Hence, it should not affect the smoothing estimate at time ¢t + 1
to any significant extent, a claim that has been confirmed empirically through
simulations (see Section 6). It should be mentioned that this approximation is
required also in the original RB-FFBSi derived in [5].

5.3.3 Step 3 - Combining the information

We now have

(2t | ze41, aer, yr1.7) = N <Zt§Z:[t(at:t+1)apt-|z(at:t+1)) ; (59a)

EJt(at:t+1) = Pt-r;(azt:t-i-l)Wz(at)Zt-i-l + Cz‘_t(at:t-‘rl)a (59b)
which is affine in 2441 and
p(ze41 | avr, y1r) = N (20415 Zepryr(a1:7), Py (agrir)) - (60)

We can thus use Theorem A.3 to obtain

_ ze \ . ( Zr Pyr  Myr
2. azr,y1.T7) =N i - , , 6la
Pl o) ((Zt+1> (Zt+1|T> <M?T Pt+1|T)) o1

with

Zyr(aer) = P;‘;(at:t+1)WZ(at)zt+1\T(at+1:T) + C:It(at:tJrl)v (61b)
Pt\T(at:T) = P;‘;(at:t+1) + Mt|T(at:T)(Wz(at))TPtTt(at:tJrl), (61c)
Myr(anr) = Ptt(at:t+1)Wz(at)Pt+1|T(at+1:T)- (61d)

Finally, using Theorem A.2 we obtain the marginal distribution
p(zt | at.T, yl:T) =N (zta 2t|T(at:T)7 Pt|T(at:T)) . (62)

We summarize the RB-FFBSi procedure in Algorithm 3.

5.4 A special case

In this work we have considered the mixed linear/nonlinear model (1). Another,
very much related, model often found in the literature (e.g., [5, 1]) is

a1 ~ plagr | ar), (63a)
21 = [ (ar) + A% (ar) 2z + 0y, (63b)
yr = hlar) + Clar)ze + ey, (63c)
with
wi ~ N(0,Q%(ar)), (63d)
ey ~ N (O, R(at)) . (638)
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Algorithm 3 RB-FFBSi

1. Initialize:

(a) Run a forward pass of the RBPF and store the following quantities
fori=1,..., N:

e The particles, at, (t=1,...,T)
e zj,and P, (t=1,...,T)
o s G St T, and Ty (=L, T— 1)
(b) Resample the FF at time t = T, P(a}, = a%) = wh, j=1, ..., N,

(c) Set t:=T — 1.
2. Sampling: For each backward trajectory, {al, ,.p}1;:

(a) Draw
2?4»1 ~ p(thrl ‘ diJrl;Ta yl:T) = N(thrl; Z?+1|Ta Ptj+1‘T)'
(b) For each particle in the FF, i =1, ..., N, evaluate (48) using (22)

ij wip(é,fﬂ,diﬂ |ali;t7y1:t)

HT =~ =N T 5 :
| > k=1 wfp(zfﬂ,aiﬂ | a’f:t,yl;t)

(c) Set al., = a}., with probability wzﬂT, ie., P(al,=al,) = wil%,

(d) Discard af,,_; and set @], = {a,al,,.r}-
3. Linear states: For each backward trajectory, {d{:T}é\;l:
Update the sufficient statistics according to

=i _ ptivrzgsi +J
T = Pt|t w Zipr TGy

j +J j z,J\T p+J
P = Pl + M (w=)T Pl

i _ ptiyzd pi
Mt\T_PﬂtW Pt+1|T’

where

i = P (Wt — £70) =W £+ (P15, ).
AT ((Plﬂt)*1 + W A% 4 WZJAZJ)_1 ,
and
Wi = (A9)T A% 4 (A=3)T (A9=I)T |
Wi — (Aa,j)TAaz,j + (Az,j)TAzg"

4. Termination condition: If ¢ > 1, set ¢t := t — 1 and go to step 2,
otherwise terminate.
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Hence, the transition density for the nonlinear states (a;) is arbitrary, but it
does not depend on the linear states (z;). In [5] a RB-FFBSI is derived for this
model. If the transition density p(a:+1 | a¢) is Gaussian we can write

plagtr | ar) = N(at+l§fa(at)aQa(at))7 (64)

and model (63) is then a special case of model (1) corresponding to A% = Q** =
0. It can be instructive to see how Algorithm 3 will turn out for this special
case.

Since the process noise covariance Q(a;) now is block diagonal we get the
information matrices A%(a;) = Q%(a¢)~t, A*(az) = Q*(a;)~! and A% (a;) = 0.
Furthermore, since A%(a;) = 0, we get from (55)

Wa(at) = O7 (653)
W#(ar) = A*(a) " Q*(ar) Y, (65b)

which in (56) and (57) gives
CZL\t(U«t:tJrl) = —P&szz + leftPtﬁlzﬂt, (66a)

and
P+ — P71 A? T z —1Az -1
t|t(at:t+1> e T (A%)7(Q7)
—1

= Py — Pip(A%)7(Q7 + A*Pu(A%)T)  A*Py,

= Py — Ty APy, (66b)
where we have defined

—1 _
Crt(at:t+1) é Pt‘t(Az)T (QZ + AZPtlt(AZ)T) = Ptlt(AZ)TPiH»ll‘t' (66C)

The last equality follows from (22) and (24).
Now, consider the product

P+wz — Pt\t(Az)T<QZ)_1 _ TtAZPt\t<Az)T(QZ)_1

t)t
= Pyu(A9)T (1= P A7Pyy(A%)T) (@)
= Pye(A*)T P, (Pryage — A"Pyp(A9)7) (Q7)
-0
_ \T p—1 o
— Py(A9)TPLL, = T (67)

The expressions in (61) can now be rewritten
Zyr(ar) = Tz — Tof* + Ptﬂptﬁlim
=Zy +Ti (5t+1|T - f7 - Azzt\t)
=Zy + Tp (Zop17 — Zetape) » (68a)
where the last equality follows from (22) and (24),
Pyr(apr) = Py — T A* Py + ToPryyjr T}
_ /AZPW - PtH‘tTtT/
=Py — Ty (Piy1pp — Poyayr) T/ (68b)
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and finally
Myr(as.r) = Ty Py (68c)

The above expressions for z;1 and P can be recognized as the Rauch-Tung-
Striebel (RTS) recursions for the smoothed estimate in linear Gaussian state
space models [10].

Furthermore, from (22)-(24) it is straightforward to show that

p(Zm(It | al:tfhyl:tfl) :N(at; fana)N(Zt;2t+1\tapt+l\t) . (69)

As expected, the RB-FFBSI for the special case presented in this section coin-
cides with the one derived in [5].

6 Numerical Illustrations

In this section we will evaluate the presented filter and smoother on simulated
data. Two different examples will be presented, first a linear Gaussian system
and thereafter a mixed linear/nonlinear system. The purpose of including a
linear Gaussian example is to gain confidence in the presented methods. This
is possible, since, for this case, there are closed form solutions available for
the filtering and smoothing densities. Optimal filtering can be performed using
the Kalman filter (KF) and optimal smoothing using the Rauch-Tung-Striebel
(RTS) recursions [10].

For both the linear and the mixed linear/nonlinear examples, we can clearly
also address the inference problems using standard particle methods. For the
filtering problem we shall employ the bootstrap particle filter (PF) [7], which
will be compared with the RBPF presented in Algorithm 2. We shall use the
“bootstrap version” of the RBPF as well, meaning that the state transition
density will be used as proposal and that resampling is carried out at each time
step. For the smoothing problem we will employ the (non-Rao-Blackwellized)
FFBSi [6] as well as the RB-FFBSI presented in Algorithm 3.

6.1 A Linear Example

To test the presented filter and smoother, we shall start by considering a linear,
second order system according to

1 0.1
(ZE) - (0 1 ) (CZ) W, wy ~ N(0,Q), (70a)
Yy = Qg + e, ep ~ _/\/’(07 R)7 (70b)

with Q = 0.1I542 and R = 0.1. The initial state of the system is Gaussian

according to
(&)~ ()6 9) ™

When using RBPF and RB-FFBSi the first state a; is treated as if it is nonlinear,
whereas the second state z; is treated as linear.
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The comparison was made by pursuing a Monte Carlo study over 1000 real-
izations of data yi.r from the system (70), each consisting of T' = 200 samples
(measurements). The three filters, KF, PF and RBPF, and thereafter the three
smoothers, RTS, FFBSi, RB-FFBSi, were run in parallel. The particle methods
all employed N = 50 particles.

Table 1 and Table 2 gives the root mean squared errors (RMSE) for the
three filters and smoothers respectively.

Table 1: RMSE for filters Table 2: RMSE for smoothers
Filter ay 2t Smoother Qg Z
PF 8.69 43.5 FFBSi 7.45 36.7
RBPF 835 334 RB-FFBSi 7.09 22.8
KF 8.08 334 RTS 6.72 22.7

The results are as expected. First, smoothing clearly decreases the RMSEs
when compared to filtering. Second, Rao-Blackwellization has the desired effect
of decreasing the RMSE when compared to standard particle methods. When
looking at the “linear” state z; the RBPF and the RB-FFBSi performs very
close to the optimal KF and RTS, respectively. The PF and FFBSi shows much
worse performance.

The key difference between PF/FFBSi and RBPF/RB-FFBS; is that in the
former, the particles have to cover the distribution in two dimensions. In the
RBPF/RB-FFBSi we marginalize one of the dimensions analytically and thus
only need to deal with one of the dimensions using particles. For PF/FFBSi we
could of course obtain better approximation of the distribution by increasing
the number of particles. However, we will then run into the infamous curse of
dimensionality, requiring an exponential increase in the number of particles and
hence also in computational complexity, as the order of the system increases.

6.2 A Mixed Linear /Nonlinear Example

We shall now study a fourth order mixed linear/nonlinear system, where three
of the states are conditionally linear Gaussian,

apy1 = arctan ay + (1 0 O) 2t + Wat, (72a)
1 03 0
Zt4+1 = 0 092 -0.3 2 + Wy t, (72b)
0 03 0.92
_ {0.1a sgn(ay) 0 0 0
yt - ( 0 + 1 _1 1 Zt + et) (720)

with wy, = [way wT]" ~ N(0,Q), Q = 0.0114x4 and e, ~ N(0,R), R =
0.115x2. The initial state of the system is Gaussian according to

(@)~ (o) (om 022)): (73)
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The z-system is oscillatory and marginally stable, with poles in 1, 0.92 4 0.3¢
and the z-variables are connected to the nonlinear a-system through z; ;.

Again, 1000 realizations of data y,.7 were generated, each consisting of T' =
200 samples. Due to the nonlinear nature of this example we cannot employ the
KF and the RTS. Hence, in the comparison, presented in Table 3 and Table 4,
we have only considered the PF/FFBSi and the RBPF/RB-FFBSi, all using
N = 50 particles.

Table 3: RMSE for filters Table 4: RMSE for smoothers
Filter at 214 ot 23t Smoother ag 214 Zagp A3
PF 27.3 16.2 &858 6.83 FFBSi 25.2 13.3 6.58 6.45

RBPF 141 9.19 6.75 5.55 RB-FFBSi 10.2 4.86 3.81 4.24

The benefits of using Rao-Blackwellization becomes even more evident in
this, more challenging, problem. Since we can marginalize three out of the
four dimensions analytically, Rao-Blackwellization allows us to handle this fairly
high-dimensional system using only 50 particles.

7 Conclusions

The purpose of this work has been to present a self-contained derivation of a
Rao-Blackwellized particle filter and smoother. An existing Rao-Blackwellized
particle smoother has been extended to be able to handle the fully intercon-
nected model (1) under study. The benefit of using Rao-Blackwellization, when-
ever possible, is illustrated in two numerical examples. It is shown that Rao-
Blackwellization tends to reduce the root mean squared errors of the state esti-
mates, especially when the sate dimension is large. It can be concluded that one
of the main strengths of the presented filter and smoother is that it enables the
use of particle methods for high-dimensional mixed linear /nonlinear systems, as
long as only a few of the states enter nonlinearly. This is a well known result,
presented previously in for instance [11], where a Rao-Blackwellized particle
filter is used on a nine dimensional system in a real world example.
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A Manipulating Gaussian Random Variables

In this appendix we shall give a few results on how the multivariate Gaussian
density can be manipulated. The following theorems and corollary gives us all
the tools needed to derive the expressions for the so called linear states z; in
this work. The statements are given without proofs, since the proofs are easily
found in standard textbooks on the subject.

A.1 Partitioned Gaussian

We shall start by giving two results on partitioned Gaussian variables. Assume
(without loss of generality) that we have partitioned a Gaussian variable, its
mean and its covariance as

a Ha z:a 2ab
= , = , Y= , 74
B () =) o
where for reasons of symmetry Yy, = X1,. It is also useful to write down the
partitioned information matrix

_ A, A,
A=x1=— (Aba A;) , (75)

since this form will provide simpler calculations below. Note that, since the
inverse of a symmetric matrix is also symmetric, we have Ay, = AL

Theorem A.1 (Conditioning) Let the stochastic variable v = (a” bT)T
be Gaussian distributed with mean and covariance according to (74), then the
conditional density p(a | b) is given by

p(a | b) =N (a;ua\bvza\b) )
where

/J'a\b = Ha + Eabzb_l(b - ,U/b);
Ea\b =%4— Zabzglzbaa

which using the information matrix can be written,

fhalp = tra — Ay Aap(b— ),

Za\b = A;l.
Theorem A.2 (Marginalization) Let the stochastic variable z = (a” bT)T
be Gaussian distributed with mean and covariance according to (74), then the
marginal density p(a) is given by

pla) = N (a; pta, La) -
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A.2 Affine transformations

In the previous section we started with the joint distribution for ¢ and b. We
then gave expressions for the marginal and the conditional distributions. We
shall now take a different starting-point, namely that we are given the marginal
density p(a) and the conditional density p(b | a) (affine in a) and derive expres-
sions for the joint distribution of @ and b, the marginal p(b) and the conditional
density p(a | b).

Theorem A.3 (Affine transformation) Assume that a, as well as b condi-
tioned on a, are Gaussian distributed according to

pla) = N (a; pta, Za) ,
p(bla) =N (b Ma+5,%y,)

where M is a matriz (of appropriate dimension) and b is a constant vector. The
joint distribution of a and b is then given by

a3 () (321 5) 7).
with

o (MTEM e Mt T s, 2, M7
- —ZJ;@M »t T \MZ, Sy + ME M)

Combining the results in Theorems A.1, A.2 and A.3 we get the following corol-
lary.

Corollary A.1 (Affine transformation — marginal and conditional)
Assume that a, as well as b conditioned on a, are Gaussian distributed according
to

pla) = N (a; pta, Xa)
p(b|a) =N(b;Ma+l~),Eb|a> ;

where M is a matriz (of appropriate dimension) and b is a constant vector. The
marginal distribution of b is then given by

p(b) =N (b; 1w, 2s)
with
fty = Mpq +,
S = Spo + MEMT.
The conditional distribution of a given b is
pla | b) =N (& tajps Zapp) »
with
Halb = Zalp (MTE;@(b —b)+ E;lua) — fta 4+ SaMTS (b —b— Mp,),

-1
Sajp = (2;1 n MTE,jliM) =%, — S MTS M,
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B Sampling in the RB-FFBSi

The sampling step in the RB-FFBSi at time ¢ appends a new sample Zz{ to
a backward trajectory dgH:T. Hence, from (41) we see that we wish to draw
samples from the distribution p(a; | a4y1.7,y1.7). In this appendix we shall
see why it is easier to instead sample from the join distribution {af,,z27,,} ~
p(ai.¢, ze41 | arp1.7, y1.7) and thereafter discard everything but a7.

First of all we note that the backward simulation makes use of the FF parti-
cles, i.e., we only sample among the particles generated by the FF. This means
that our target distribution can be written as a weighted point-mass distribution
according to

N
P(at | at+1:T7y1:T) ~ 29i5(at - ai)7 (76)
i=1

with some, yet unspecified, weights §°. Clearly, the tricky part is to compute
these weights, once we have them the sampling is trivial.

To see why it is indeed hard to compute the weights, we consider the joint
distribution p(ay.t,2¢+1 | at41.7,y1.7)- Following the steps in (42)—(47), this
density is approximately

p(a1:t72t+1 | at+1:T7y1:T>
N . .
Zi=1 wip(zes1, Gepr | Ay, Yi1:t) 5

N
Zk:l wfp(ztﬂ, aty1 | alf:tvylzt)

~ p(2e41 | e, Y1) (a1 — ali:t)

N
= ZP(ZtH | a1, yrr)wip (2e01)8(ars — aiy), (77)
i—1

where we have introduced the z;,;-dependent weights

A wzp(zt+1> Q41 \ ail:tv ylzt) (78)

~ .
Zk=1 wfp(zt+1,at+1 \ alf;tvylzt)

w§|T(Zt+1)

To obtain (76) we can marginalize (77) over a1.4—1 and 2411, which results in

N
plat | aprrr,y1r) = Z/p(zt-H | at+1:T,y1:T)w§|T(Zt+1) dz10(ay — &i)
i=1

—gi
(79)

Hence, if we want to sample “directly” from p(a; | at+1.7,y1.7) we need to
evaluate the (likely to be intractable) integrals involved in (79). If we instead
sample from the joint distribution p(ai.¢, ze41 | at+1.7, y1.7) We can use the fact
that the marginal p(z¢+1 | az+1.7, y1.7) is Gaussian (and hence easy to sample
from). We then only need to evaluate wilT(zH_l) at a single point, which is
clearly much simpler than evaluating the integrals in (79).
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C

Complementary computations

In this appendix we shall derive the equalities in (43) and (50). Using the
Markov property and Bayes’ rule we get

p(alzt | Zt+17at+1:Tayt:T) = p(alzt | Zt+17(lt+17(lt+2:Tayl:t7yt+1:T)
_ p(at+2:T7yt+1:T \ au,Zt+1,at+1,y1:t)p(a1:t | Zt+17at+17y1:t)
P(Gt2:7, Yo 1T | Ze41, Gt1, Y1:t)

- p(at+2:T>yt+1:T \ Zt+1,at+1)
= p(alzt | Zt+1;at+1;y1:t)
platyo.1, Yt4+1:T \ Zt+17at+1)

= p(al:t | Zt+17at+17y1:t)a (80)
)

which gives (43). Furthermore

(2t | Zeg1s e Y1) = P(2e | 2oty Qo Qug1, Qugoers Yrits Yet1:T)
_ p(at+2;T,yt+1:T | Zt,Zt+17at7at+17y1:t)p(2t | Zt-i—lyaftva't-i-hyl:t)
p(at+2:T7 Yt+1.T7 \ Zt41, G, A1, yl:t)

pla Ty Y T | 2 a
= ( il | . t+1)p(2’t \ Zt+1,at,at+1,yl:t)
p(at+2:Tayt+1:T | Zt+1,at+1)

Zp(zt | Zt+1;ataat+1ay1:t)v (81)

which proves (50). In the above computations we have assumed ¢ < T — 2. For
t =T — 1 simply remove a;1o.7 from all steps and the equalities still hold.
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