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Abstract— The particle filter offers a general numerical tool to initiated by p(zo|Y_-1) = p(xq) [20]. For linear Gaussian
approximate the posterior density function for the state in nonlin-  models, the integrals can be solved analytically with a finite
ear and non-Gaussian filtering problems. While the particle filter - yimensional representation. This leads to the Kalman filter
is fairly easy to implement and tune, its main drawback is that ) h th d th . trix of th
it is quite computer intensive, with the computational complexity recursions, where the mean an e Cova”a_nc.:e m_a nx C_) e
increasing quickly with the state dimension. One remedy to this State are propagated [1]. More generally, no finite dimensional
problem is to marginalize out the states appearing linearly in representation of the posterior density exists. Thus, several
the dynamics. The result is that one Kalman filter is associated numerical approximations of the integrals (2) have been pro-
with each particle. The main contribution in this article is  hhgeq. A recent important contribution is to use simulation
to derive the details for the marginalized particle filter for a b d thods f th tical statisti tial Mont
general nonlinear state-space model. Several important special ased methods from mathematical statistics, Sequgn lal Monte
cases occurring in typical signal processing applications will also Carlo methods, commonly referred to as particle filters [11],
be discussed. The marginalized particle filter is applied to an [12], [16].
integrated navigation system for aircraft. It is demonstrated that Integrated navigation is used as a motivation and application
the complete high-dimensional system can be based on a particlegyample. Briefly, the integrated navigation system in the
filter using marginalization for all but three states. Excellent Swedish fight . ft Gri ists of inertial .
performance on real flight data is reported. wedish fighter aircraft Gripen consists of an inertial navi-
gation system (INS), a terrain-aided positioning (TAP) system
and an integration filter. This filter fuses the information from
INS with the information from TAP. For a more thorough
description of this system the reader is referred to [32], [33].

I. INTRODUCTION TAP is currently based on a point-mass filter as presented

T HE nonlinear non-Gaussian filtering problem considerd@ [6], where it is also demonstrated that the performance
here consists of recursively computing the posterior prol§ quite good, close to the Cr&mRao lower bound. Field

ability density function of the state vector in a general discrettests conducted by the Swedish air force have confirmed the

time state-space model, given the observed measuremegwd preCiSion. Alternatives based on the extended Kalman

Index Terms— State estimation, Particle filter, Kalman filter,
Marginalization, Navigation systems, Nonlinear systems.

Such a genera| model can be formulated as filter have been investigated [5], but have been shown to be
inferior particularly in the transient phase (the EKF requires

Tip1 = [ (@0, we), (1a) the gradient of the terrain profile, which is unambiguous only

ye = h(xg, ). (1b) very locally). The point-mass filter, as described in [6], is

_ ) ) _ likely to be changed to a marginalized patrticle filter in the
Here,y; is the measurement at tiniex; is the state variable, future for Gripen

wy is the process noise, is the measurement noise, afih — 1Ap and INS are the primary sensors. Secondary sensors
are two arbltrary nonlinear functions. The two noise densm?éps and so on) are used only when available and reliable. The
pw, andp,, are independent and are assumed to E)e KNOwrrrent terrain-aided positioning filter has three states (hori-
'The posterior dgnsn)p(a:tm), whereY, = {y; =0 1S zontal position and heading), while the integrated navigation
given by the following general measurement recursion g tam estimates the accelerometer and gyroscope errors, and

p(yt|xe)p(ze|Yio1) some other states. The integration filter is currently based on

p(ze|¥:) = p(ye|Yio1) ’ (2a) a Kalman filter with 27 states, taking INS and TAP as primary

input signals.

pye|Yi-1) = /p(ytlmt)p(:ctlﬁ_l)dxt, (2b)  The Kalman filter which is used for integrated navigation

. ) ’ . requires Gaussian variables. However, TAP gives a multi-

and the following time recursion modal un-symmetric distribution in the Kalman filter mea-
surement equation and it has to be approximated with a

p(@ea|Yy) = /P(l‘tﬂlivt)p(frtWt)dxtv (2¢)  Gaussian distribution before being used in the Kalman filter.

This results in severe performance degradation in many cases,
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ter. However, the state equation is almost linear, and only thrggproximation can then be used to obtain an estimate of some
states enter the measurement equation nonlinearly, namafgrence functiong(-), according to

horizontal position and heading. Once linearization (and the

use of EKF) is absolutely ruled out, marginalization would be (9(2t)) = Ep(z,v;)l9(z¢)] = /9(17t)p(9€t|yt)d$t- (4)

the only way to overcome the computational complexity. More

generally, as soon as there is a linear sub-structure availallg'l he following the particle filter, as it was !ntroduced in [16],
in the general model (1) this can be utilized in order R be referred to as the standard patrticle filter. For a thorough

. i . -_Introduction to the standard particle filter the reader is referred
I h o . .
obtain better estimates and possibly reduce the computatio 5{11], [12]. The marginalized and the standard particle filter

demand. The basic idea is to partition the state vector as to N ) A o
are closely related. The marginalized particle filter is given

x} in Algorithm 1 and neglecting steps 4a and 4c results in the
mo= |k (3) o .
xy standard particle filter algorithm.

wherez! denotes the state variable with conditionally linear

dynamics andc}’ denotes the nonlinear state variable [14], ALGORITHM 1: The marginalized particle filter

[32]. Using Bayes' theorem we can then marginalize out 1) 'h't'al'zit'?)n: Fori=1,...,N, |n|lt|8§|ze Hj)e pary
the linear state variables from (1) and estimate them using ticles, zo "y ~ pay (2g) and sef{xq ), Py _, } =

the Kalman filter [22], which is the optimal filter for this {zl), P}

case. The nonlinear state variables are estimated using the| 2) Fori=1,..., N, evaluate the importance weights
particle filter. This technique is sometimes referred to as ¢ = p(y:| X", Y,_1) and normalize
Rao-Blackwellization [14]. The idea has been around for ~(6) _ _ af”

quite some time, see e.g., [12], [7], [8], [2], [14], [31]. The ‘ Mg

contribution of this article is the derivation of the details 3) Particle filter measurement update (resampling):
for a general nonlinear state-space model with a linear sub- ResampleN' particles with replacement,

structure. Models of this type are common and important in Pr(:cfl’t(z) = x:"t(j)l) = qﬁ”.

engineering applications, e.g., positioning, target tracking and |  4) Particle filter time update and Kalman filter:
collision avoidance [18], [4]. The marginalized particle filter a) Kalman filter measurement update:

has been successfully used in several applications, for instance Model 1: (10),

in aircraft navigation [32], underwater navigation [24], com- Model 2: (10),

munications [_9], [37], nonlinegr system identification [28], Model 3: (22).

[35], and audio source separation [3]. o b) Particle filter time update (prediction): For
Section 1l explains the idea behind using marginalization i=1,...,N, predict new particles,

in conjunction with general linear/nonlinear state-space mod- (i) n n,(3)

els. Three nested models are used, in order to make the Tea)e Np(ztﬂ\t'Xt Y1)

presentation easy to follow. Some important special cases ¢) Kalman filter time update:

and generalizations of the noise assumptions are discussed in Model 1 (11),
Section IIl. To illustrate the use of the marginalized particle Model 2: (A7),
filter a synthetic example is given in Section IV. Finally, the Model 3: (23).

application example is given in Section V and the conclusions | 5) Sett:=t+ 1 and iterate from step 2.
are stated in Section VI.

The particle filter algorithm 1 is quite general and several
improvements are available in the literature. It is quite common
to introduce artificial noise in step 3 in order to counteract

The variance of the estimates obtained from the standaf degeneracy problem. Depending on the context various
particle filter can be decreased by exploiting linear sufmportance functions can be used in step 4b. In [11] several

structures in the model. The corresponding variables aiinements to the particle filter algorithm are discussed.
marginalized out and estimated using an optimal linear filter.

This is the main idea behind the marginalized particle filteB. Diagonal Model
The goal of this section is to explain how the marginalized 1, explanation of how the marginalized particle filter

particle filter works by using three nested models. The mod rks is started by considering the following model
are nested in the sense that the first model is included in t &odel 1: '

second, which in turn is included in the third. The reason for

Il. MARGINALIZATION

presenting it in this fashion is to facilitate reader understand- ziy = fi'(zf) +wy', (5a)
ing, by incrementally extending the standard particle filter. ff:ls+1 = Azl +wl, (5b)
yr = he(a}) +Ce(x} )} +ey. (5¢)

A. The Standard Particle Filter The gaps in the equations above are placed there intentionally,
The particle filter is used to get an approximation of thm order to make the comparison to the general model (18) eas-
posterior densityp(x;|Y;) in the general model (1). Thisier. The state noise is assumed white and Gaussian distributed



according to and

! l
wy = [;}Ufl] ~N(0,Qr), Q= {%t (SA . (6a) jji+1|t — Aiﬁi\t» (11a)

l INT l
The measurement noise is assumed white and Gaussian dis- Prprje = AP (Ay)" + Q. (11b)

tributed according to . L . _
g The recursions are initiated Wltﬁ)Fl = Zo and Py, = .

er ~ N(0, Ry). (6b) Proof: Straightforward application of the Kalman fil-
Furthermorez}, is Gaussian, ter [22], [21]. =
. _ 5 The second densityy(X}'|Y;), in (7) will be approximated
. o N(_xO’PO)' o (6c) using the standard particle filter. Bayes’ theorem and the
The density ofzy can be arbitrary, but it is assumed knownMarkov property inherent in the state-space model can be used

The A and C matrices are arbitrary. U to write p(X|Y;) as

Model 1 is called “diagonal model” due to the diagonal struc- p(ye| X7, Yo )p(a?| X7 1, Y1)

ture of the state equation (5a) — (5b). The aim of recursiveRfX¢ Vi) = . NI tl) : p(Xi1]Ye-1),
estimating the posterior densityz.|Y;) can be accomplished - (12)

using the standard particle filter. However, conditioned on the

nonlinear state variableyy’, there is a linear sub-structurewhere an approximation qQf(X; ,|Y;_1) is provided by the
in (5), given by (5b). This fact can be used to obtain bett@revious iteration of the particle filter. In order to perform
estimates of the linear states. Analytically marginalizing otihe update (12) analytical expressions fofy.| X/, Y;—1)
the linear state variables from(x|Y;) and using Bayes’ andp(z7|X}* ,,Y;_1) are needed. They are provided by the

theorem gives X" = {z7}!_,) following lemma.
plal, XPIY) = plafl XP Y p(XPYe),  (7)  temma22For Model L ply|Xy.Yi) - and
—_— p(af | X7, Y:) are given by
Optimal KF PF
where p(z!| X", Y;) is analytically tractable. It is given by p(y:| X!, Vi 1) = N(h; +Ct:%§|t_1, CiPy—1CF + Ry),
the Kalman filter (KF), see Lemma 2.1 below for the details. (13a)
Furthermore,p(X{*|Y;) can be estimated using the particle plal o | X7, V) = N(fF, Q). (13b)

filter (PF). If the same number of particles are used in the Proof: Basic facts about conditionally linear models, see
standard particle filter and the marginalized particle filter tl"@g_ [19], [36]. -

lfitrtetLi;v”ilé 'tr:;t't';f;y’ di?r: (;\:]'2; nbig?rn(‘a;t')rnizte;h;:; {ﬁ:ﬁo?he linear system (5b) — (5c¢) can now be formed for each
Telte particle, {z]""1¥ | and the linear states can be estimated

. . Lo . . .
the dimension Ofp.(xt’xé [¥2), implying that the partlc_les usting the Kalman filter. This requires one Kalman filter asso-
occupy a lower dimensional space. Another reason is tha

optimal algorithms are used in order to estimate the IineC|ated with each particle. The overall algorithm for estimating

I . . . . . .
tete varabls. Let (4(z) denote te estnate of (41,¢ S Nodel 1 is ghen n Moo 1 From e
using the standard patrticle filter witN' particles. When the 9 y

L . ) ; . .~ the standard particle filter is that the time update (prediction)
marginalized particle filter is used the corresponding estimal . .
. - . ; stage has been changed. In the standard particle filter the
is denoted byIy(g(z;)). Under certain assumptions the

. N prediction stage is given solely by step 4b in Algorithm 1.
following central limit theorem holds, Step 4a is referred to as theeasurement updabe the Kalman

VNI (g(xe)) — I(g(24))) = N(0,02), N — oo (8a) filter [21]. Furthermore, the prediction of the nonlinear state
VNI (g(x)) = I(g(z))) = N(0,62), N — oo (8b) variables,z. ,, is obtained in step 4b. According to (5a) the
/ " prediction of the nonlinear state variables does not contain

2 2 i ided i
whereo; > o7, A formal proof of (8) is provided in [14], 5.y information about the linear state variables. This implies

[13]. For the sake of notational brevity the dependencejof i, @, cannot be used to improve the quality of the
in A;, C;, andh; are suppressed below.

) . .. estimates of the linear state variables. However, if Model 1
Lemma 2.;:G|ven lModeI } the coqdltlonal probability is generalized by imposing a dependence between the linear
density functions fo“t\t andxtﬂ\t are given by and the nonlinear state variables in (5a) the prediction of the
p(xﬂXfJ@ = N(@i‘t, Pyy), (9a) nonlinegr state variabl_es can be used to improve the_ est?maf[es
! n X of the linear state variables. In the subsequent section it will
P | X0 Ye) = M@y Prage), (9b) be elaborated on how this affects the state estimation.
where

i‘é\t = jé\tﬂ + Ki(ys — he — thﬁiﬁ,l), (10a)

Pt\t = Pt\tfl - KtOtPt\tfla (1Ob) . . . oy 1
S —c, P T+ R (10c) Model 1 is now extended by including the tetAy (z})z;
t— t“—lT t_1 b in the nonlinear state equation. This results in a “triangular
Ki= Py 1Cp S, (10d)  model”, defined below.

C. Triangular Model



Model 2: D. The General Case
In the previous two sections the mechanisms underlying the

n _emi.n n(. .n\ ..l n
l;“ = fi= HA; (x; )xfrw; ’ (14a) marginalized particle filter have been illustrated. It is now time
Ty = Ay (@f)zy +wy, (14b) to apply the marginalized particle filter to the most general
ye = hy(2}) +Ci(x?)x! +e, (14c) model.
. ) ) Model 3:
with the same assumptions as in Model 1. .
Now, from (14) it is clear that doss indeed _ riq = fi (@) +AY (2 )2+ GY (2] )wy (18a)
ow, from (14a) it is clear that? ,,, does indeed contain Ly AL M) 4G (2! 18b
information about the linear state variables. This implies that v = il ;) o Z) / (& Jwt, (18b)
there will be information about the linear state variabté, ye = ha(zi') +Ci(z)zy +er, (18c)

in the prediction of the nonlinear state variablg’, ;. To \here the state noise is assumed white and Gaussian dis-
understand how this affects the derivation it is assumed thapyted with

step 4b in Algorithm 1 has just been completed. This means {

In

w Q@
wﬁ}““AKO»Qt% Qt::[( ]. (19a)

that the predictionsiy’, , ,, are available and the model can be w; =

In\T n
written (the information in the measuremept, has already t Q") Qi
been used in step 4a) The measurement noise is assumed white and Gaussian dis-
tributed according to
Th1 = A+ w, (15a)
2 = Aral 4w}, (15b) e~ N0, By). (19b)
Furthermore !, is Gaussian,
where
. o
zy ~ N (Zo, o). (19¢)
2 =xi — ff (15c)

The density ofzj can be arbitrary, but it is assumed known.
It is possible to interpret; as a measurement ang’ as the O
corresponding measurement noise. Since (15) is a linear state-
space model with Gaussian noise, the optimal state estimb&ertain cases some of the assumptions can be relaxed. This

is given by the Kalman filter according to will be discussed in the subsequent section. Before moving
on it is worthwhile to explain how models used in some
&y = 2, + Li(z — APEY,), (16a) applications of marginalization relate to Model 3. In [23]
Pt*|t =Py, — L,N,LT, (16b) themqrgmah;ed particle filter was applled to underwater
AT A1 navigation using a model corresponding to (18), save the
Ly = Pyi(AY)" N (16¢) fact thatGy = I,GL = I,f! = 0,47 = 0. In [18] a
N, = A?Pt‘t(A;L)T + Q7 (16d) model corresponding to linear state equations and a nonlinear

S ) measurement equation is applied to various problems, such as
where %" has been used to distinguish this second measuggy;y nositioning, terrain navigation, and target tracking. Due
ment update from the first one. Furthermoig,, and P, o its relevance this model will be discussed in more detail
are given by (10a) and (10Db) respectively. The final step is {9 section I1I. Another special case of Model 3 has been
merge this second measurement update with the time updgigjied to problems in communication theory in [9], [37]. The
to obtain the predicted states. This results in model used there is linear. However, depending on an indicator
(17a) variable the model changes. Hence, this indicator variable can

N 1Al nal
=A L — A ; ) .
Topre = Ay + La(z = Afy,), be thought of as the nonlinear state variable in Model 3. A

Py = ApPye (A" + Qp — LN L, (17b) good and detailed explanation of how to use the marginalized
L, = AiPtu(A?)TN{l, (17¢c) particle filter for this case can be found in [14]. They refer to
N, = A?Ptu(A?)T Q. (17d) the model as a jump Markov linear system.

Analogously to what has been done in (7), the filtering

For a formal proof of this the reader is referred to Appendix flistribution, p(z|Y;) is split using Bayes’ theorem,
To make Algorithm 1 valid for the more general Model 2 I vn I vn n
the time up(?ate equation in the Kalman fil?er (11) has to be Py, X{'Yy) = play | X3, Yo)p(X{|Ye). (20)
replaced by (17). The linear state variables are estimated using the Kalman filter

The second measurement update is called measureniera slightly more general setting than which was previously
update due to the fact that the mathematical structure is tiiscussed. However, it is still the same three steps that are
same as a measurement update in the Kalman filter. Howewsecuted in order to estimate the linear state variables. The first
strictly speaking it is not really a measurement update, sinstep is a measurement update using the information available
there does not exist any new measurement. It is better to thinky,. The second step is a measurement update using the
of this second update as a correction to the real measuremiefarmation available inzy’, ,, and finally there is a time
update, using the information in the prediction of the nonlineapdate. The following theorem explains how the linear state
state variables. variables are estimated.



Theorem 2.1:Using Model 3 the conditional probability to adjust the algorithm given in this paper to accommodate

density functions forz} andz!, , are given by e.g., the auxiliary particle filter [34] and the Gaussian patrticle
P ¥ filter [26], [27]. Several ideas are also given in the articles
plae] Xi'5 Vo) = Ny, Pae) (213)  collected in [11].
p(fo_l X[, Y:) = N(iiﬂ‘t, Piiap), (21b) The estimates as expected means of the linear state variables
and their covariances are given by [32]
where
N
By = B+ Kilye — he — Cidtyyy_y), (22a) 4, = Z(jt(”:ﬁi"ff) ~ Byt vy (2] (26a)
Py = Py — KtMthTv (22b) i;l
M:CP,CT+R, 22¢c 5 (i i NRG . A1 .
k et lT ¢ . t (22¢) Py = ZQE ) (Pt(|t) + (xté) - xf&n)(xﬂi) - Ii\t)T) (26b)
K, = Pt\t—lct Mt ) (22d) i=1
2
and R Eyalv) [((Ii)z ~ Byayiviy [@)?]) } . (260)
Bhoay = Ay, + GHQMT(GFQD)

where (jf) are the normalized importance weights, provided

T fjl + Lt(ft - A?iff\f>’ (233) 1y step2 in Algorithm 1.
Pry1p = APy (A)D" + GLQUG)T — LN, LT, (23b)
Ny = A} Py (AD)" + GRQP(GH)T, (23c) l1l. | MPORTANT SPECIAL CASES AND EXTENSIONS
Ly = APy (A7) TNy, (23d)  Model 3 is quite general indeed and in most applications
where special cases of it are used. This fact, together with some
extensions will be the topic of this section.

2z = a0 — [ (24a) The special cases are just reductions of the general re-
Al = AL - GLQMT(GrQr) Tt AY, (24b) sults presented in the previous sect@on.' However, .they still
1Al AT 7 A —1 Ain o4 deserve some attention in order to highlight some important
@ =Q; —( & ) (@)@ (24¢) mechanisms. It is worth mentioning that linear sub-structures

Proof: See Appendix I. ]

can enter the model more implicitly as well, for example,
by modeling colored noise and by sensor offsets and trends.
These modeling issues are treated in several introductory texts
on Kalman filtering, see e.g., Section 8.2.4 in [17]. In the
gubsequent section some noise modeling aspects are discussed
This is followed by a discussion of a model with linear state
Qauations and a nonlinear measurement equation.

It is worth noting that if the cross-covarianc@.”, between
the two noise sources? and w! is zero, thenAl = Al
and Q! = Q.. The first densityp(z}|X[,Y;), on the right
hand side in (20) is now taken care of. In order for th
estimation to work the second densipy(X/*|Y;), in (20) is
taken care of according to (12). The analytical expressio
for p(y:| X}, Yi—1) andp(«}| X[ 1, Y;—1) are provided by the
following theorem.

Theorem 2.2:For Model 3 p(y:| X, Y;—1) and A. Generalized Noise Assumptions

n 13 T . . . .
p(ziy | X{', Y;) are given by The Gaussian noise assumption can be relaxed in two

Py X, Y1) = N (ha +thi\t_1v CtPt|t—1CtT +Ry), special cases. First,. if the measurement. equation (18c) does
(252) not depend on the Iln'ear state Varlab|ﬁ§., |.e.,.Ct'(x?) =0,
N " N ool " T the measurement noise can be arbitrarily distributed. In this
plei | X Ye) = N(fi + A Lt Af B (AY) case (18c) does not contain any information about the linear
+GrQHGHT). (25b) state variables, and hence cannot be used in the Kalman filter.
Proof: Basic facts about conditionally linear models]t is solely used in the particle filter part of the algorithm,
see [19]. The details for this particular case can be foum¢hich can handle all probability density functions.
in [36]. [ | Second, ifA} (z}) = 0in (18a), the nonlinear state equation
The detalils for estimating the states in Model 3 have now bewill be independent of the linear states, and hence cannot be
derived, and the complete algorithm is Algorithm 1. As pointedsed in the Kalman filter. This means that the state nei$e,
out before, the only difference between this algorithm and tlsan be arbitrarily distributed.
standard particle filtering algorithm is that the prediction stage The noise covariances can depend on the nonlinear state
is different. If steps 4a and 4c are removed from Algorithm \ariables, i.e.,R; = R:(z}) and Q; = Q:(z}). This is
the standard particle filter algorithm is obtained. useful for instance in terrain navigation, where the nonlinear
In this article the most basic form of the particle filteistate variable includes information about the position. Using
has been used. Several more refined variants exist, whichthe horizontal position and a geographic information system
certain applications can give better performance. Howev€GIlS) on-board the aircraft noise covariances depending on
since the aim of this article is to communicate the idea ¢iie characteristics of the terrain at the current horizontal
marginalization in a general linear/nonlinear state-space mogekition can be motivated. This issue will be elaborate upon
the standard particle filter has been used. It is straightforwardSection V.



B. An Important Model Class where the state vector is; = [zt z‘t]T. Hence, the state
A quite important special case of Model 3, is a model witRonsists of a physical variable and its derivative. Models of
linear state equations and a nonlinear measurement equatiBi$. kind are very common in applications. One example is

In Model 4 below such a model is defined. bearings only tracking, where the objective is to estimate the
Model 4: angle and angular velocity and the nonlinear measurement
n B T, depends on the antenna diagram. Another common application

T = Ap i AT+ G (273) s state estimation in a DC-motor, where the angular position

zyy g = AL @+ A i+ Glw, (27b) is assumed to be measured nonlinearly. As a final application

e = hy(z) Tet, (27¢) terrain navigation in one dimension is mentioned, where the

_ . z 7 measurement is given by a map. A more realistic terrain
with w;' ~ N(0,Q}) andw; ~ N(0,@Qy). The distribution nayigation example is discussed in Section V.
for e, can be arbitrary, but it is assumed known. 0 Model (29) is linear inz and nonlinear inz,. The state

o L
The measurement equation (27c) does not contain any YfgCtor can thus be partitioned as = [#7 «i]", which

formation about the linear state variable/, Hence, as far implies that (29) can be written as

as the Kalman filter is concerned (27c) cannot be used in af =ap AT, (30a)
estimating the linear states. Instead all information from the N 2wl (30b)
measurements enter the Kalman filter implicitly via the second t+1 ¢ &

measurement update using the nonlinear state equation (27a) Yy = he(zy) +et, (30c)

and the prediction of the nonlinear stat, ,,, as @ mea- This corresponds to the triangular model given in Model 2.
surement. This means that in Algorithm 1, step 4a can be Igftnce, the Kalman filter for the linear state variable is given
out. In this case the second measurement update is much MRI22) — (24) where the nonlinear state is provided by the

than just a correction to the first measurement update. Itis thgricle filter. The estimate of the linear state variable is given
only way in which the information iry, enters the algorithm. by (23a) which for this example is

Model 4 is given special attention as several important state n "
estimation problems can be modeled in this way. Examples in- i£+1|t =(1- ltT)fiu i ltht+1 T 7 31)
clude positioning, target tracking and collision avoidance [18], ) T
[4]. For more information on practical matters concerning/here
modeling issues, see e.g., [30], [29], [4], [32]. In the applica- 9 n T
tions mentioned above the nonlinear state variatjle usually m=T"pyetar, = g el (32)
corresponds to the position, whereas the linear state varia
x!, corresponds to velocity, acceleration and bias terms.

If Model 4 is compared to Model 3 it can be seen th
the matricesA?, A!, G7, and G. are independent of in
Model 4, which implies that

WﬁUitiny (31) makes sense, since the velocity estimate is
iven as a weighted average of the current velocity and the
stimated momentary velocity, where the weights are com-

puted from the Kalman filter quantities. In cases where (29a)

is motivated by Newtons’ force law the unknown force is

P = Py, Vi=1,...,N. (28) modeled as a disturbance agfl = 0. This implies that (31)

t|t .
This follows from (23b) — (23d) in Theorem 2.1. AccordingIS reduced to

to (28) only one instead oV Riccati recursions is needed, jé+1‘t = M (33)
which leads to a substantial reduction in computational com- T
plexity. This is of course very important in real-time imple/Again this can intuitively be understood, since conditioned on
mentations. A further study of the computational complexithe knowledge of the nonlinear state variable, (30a) can be
of the marginalized particle filter can be found in [25]. written
If the dynamics in (18a) — (18b) is almost linear it can ;T —Tf

: ; ; ; Ty = —/———. (34)

be linearized to obtain a model described by (27a) — (27b). t T

Then the extended Kalman filter can be used instead of #f,s (30b) does not add any information for the Kalman filter,
Kalman filter. As is explained in [30], [29] it is common thalgince ;! s a deterministic function of the known nonlinear
the system model is almost linear, whereas the measuremgae yariable.

model is severely nonlinear. In these cases use the particle
filter for the severe nonlinearities and the extended Kalman

. . . . V. INTEGRATED AIRCRAFT NAVIGATION
filter for the mild nonlinearities.

As was explained in the introduction, the integrated naviga-

IV. AN ILLUSTRATING EXAMPLE tion system in the Swedish fighter aircraft Gripen consists of
In order to make things as simple as possible the followirfyf! Inertial navigation system (INS), a terrain-aided positioning
two dimensional model will be used (TAP) system and an integration filter. This filter fuses the
17 information from INS with the information from TAP, see
Tyl = [0 1] Tt + Wy, (29a) Fig. 1. The currently used integration filter, is likely to be

changed to a marginalized patrticle filter in the future for
Yo = h(z) + e, (29b) Gripen, see Fig. 2. A first step in this direction was taken



INS > The total dimension of the state vector is thiyswhich
is too large to be handled by the particle filter. The highly

, nonlinear nature of measurement equation (35c), due to the

Integration terrain elevation database, implies that an extended Kalman

It AP filter filter cannot be used. However, the model described by (35)
clearly fits into the framework of the marginalized particle

Fig. 1. The integrated navigation system consists of an inertial navigatim\ter' . . .
system (INS), a terrain-aided positioning (TAP) system and an integration The measurement noise in (35c) deserves some special

filter. The integration filter fuse the information from INS with the informationgttention. The radar altimeter, which is used to measure the

from TAP. ground clearance, interprets any echo as the ground. This
is a problem when flying over trees. The tree tops will be
INS 5 interpreted as the ground, with a false measurement as a result.
One simple, but effective, solution to this problem is to model
the measurement noise as
Marginalized
Yt particle filter Pe,(*) = TN (my,01) + (1 = m)N(ma,09),  (36)

where 7 is the probability of obtaining an echo from the
Fig. 2.  Using the marginalized particle filter for navigation. The terraitground’ and(l B 7T> is the pmba.b_'“ty of O.bta'”'”g, an eCho_
information is now incorporated directly in the marginalized particle filtefrom the tree tops. The probability density function (36) is
The radar altimeter delivers the hight measuremgnt shown in Fig. 3. Experiments have shown that this, in spite

in [18], where a six dimensional model was used for integrated
navigation. In six dimensions, the particle filter is possible to
use, but better performance can be obtained. As demonstrate:
in [18], 4000 particles in the marginalized filter outperforms
60000 particles in the standard particle filter.

The feasibility study presented here applies marginalization
to a more realistic nine dimensional sub-model of the total
integrated navigation system. Already here, the dimensionality
has proven to be too large for the particle filter to be applied
directly. The example contains all ingredients of the total
system, and the principle is scalable to the full 27-dimensional
state vector. The model can be simulated and evaluated in &
controlled fashion, see [32] for more details. In the subsequent
sections the results from field trials are presented.

0

A. The Dynamic Model Fig. 3. A typical histogram of the error in the data from the radar altimeter.

In order to apply the marginalized particle filter to thdhe first peak corresponds to the error in the ground reading and the second

s - . . epaeak corresponds to the error in the readings from the tree tops.

navigation problem a dynamic model of the aircraft is needed.
In this article the overall structure of this model is discussed.
For details the reader is referred to [32] and the referenaefsits simplicity, is a quite accurate model [10]. Furthermore,
therein. The errors in the states are estimated instead of the, m2, o1, 02, andr in (36) can be allowed to depend on
absolute states. The reason is that the dynamics of the erttwes current horizontal positiord,,, ;. In this way information
are typically much slower than the dynamics of the absolut®m the terrain data base can be inferred on the measurement

states. The model has the following structure noise in the model. Using this information it is possible to
n n n n n model whether the aircraft is flying over open water or over
ri = Ap ) + Al,txi + Giwy, (35a) a forest.
$i+1 = A’ln,tx;l + A%,tx:ls + Giwi, (35b)
L
Yt = h <|:lt:| + x?) + Ct. (35C) B. ReSU|t
t The flight that has been used is shown in Fig. 4. This is a

There are? linear states, an@ nonlinear states. The linearfairly tough flight for the algorithm, in the sense that during
states consist of velocity states an@ states for the aircraft some intervals data are missing, and sometimes the radar
in terms of heading, roll, and pitch. Finally there &etates altimeter readings become unreliable. This happens at high
for the accelerometer bias. The nonlinear states correspatiitudes and during sharp turns (large roll angle), respectively.
to the error in the horizontal position, which is expressed im order to get a fair understanding of the algorithms perfor-
latitude, L;, and longitude/;. mance, 100 Monte Carlo simulations with the same data have
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time units
Fig. 5. The horizontal position error as a function of time units for different

numbers of particles. The marginalized particle filter given in Algorithm 1
has been used.

models, with linear sub-structures. This has been done in
several steps, where each step implies a certain modification of
the standard particle filter. The first step was to associate one
Kalman filter with each particle. These Kalman filters were
used to estimate the linear states. The second step was to use
the prediction of the nonlinear state as an additional measure-
ment. This was used to obtain better estimates of the linear
Fig. 4. The flight path used for testing the algorithm. The flight path igtat_e varlables. The f:omplete details for th,e marginalized
clockwise and the dark regions in the figure are open water. particle filter were derived for a general nonlinear and non-
Gaussian state-space model. Several important special cases
were also described. Conditions implying that all the Kalman

been performed, where only the noise realizations have bdiigrs will obey the same Riccati recursion were given.
changed from one simulation to the other. Many parameterstinally, a terrain navigation application with real data from
have to be chosen, but only the number of particles used &g Swedish fighter aircraft Gripen was presented. The particle
commented here (see [15] for more details). In Fig. 5 a plbiter is not a feasible algorithm for the full nine-state model
of the error in horizontal position as a function of time i$ince a huge number of particles would be needed. However,
presented, for different number of particles. The true positiéince only two states (the aircrafts horizontal position) appear
is provided by the differential GPS (DGPS). From this figurgonlinearly in the measurement equation, a special case of
it is obvious that the estimate improves as more particles 4R¢ general marginalization algorithm can be applied. A very
used. This is natural since the theory states that the densi§€§d result can be obtained with only 5000 particles, which is
are approximated better the more particles used. The differefigadily possible to implement in the computer currently used
in performance is mainly during the transient, where it can i the aircraft.

motivated to use more particles. By increasing the number of

particles the convergence time is significantly reduced and a

better estimate is obtained. This is true up to 5000 particles. APPENDIX|

Hence,5000 particles where used in this study. The algorithm PROOF FORTHEOREM 2.1

can be further improved, and in [15] several suggestions are

given. The proof of (16) and (17) is provided as a special case of

The conclusion from this study is that the marginalizethe proof below.

particle filter performs well, and provides an interesting and  Proof: For the sake of notational brevity the dependence
powerful alternative to methods currently used in integratesh =7 in (18) is suppressed in this proof. Write (18) as
aircraft navigation systems.

zho = fl+ Alal + Gl (37a)
2 = Ajxl + Glwy, (37b)
(37¢)

VI. CONCLUSIONS

The marginalization techniques have systematically been 2 .
applied to general nonlinear and non-Gaussian state-space zi = Cyry + ey,



wherez; andz? are defined as

Using the fact that the measurement noise and thereby
p(y:|z7?, z}) is Gaussian and the Kalman filter [1] it can be

1_ .n _fmn
zp = iy — S (37d) seen thap(z}| X!, Y;) = N(ii‘t,Pt‘t) where
Zt2 =Yt — ht. (376)

) i ) j:i\t = j:i|t—1 + Ki(z — Cti‘f:\tﬂ)a (45a)
Inspection of the above equations gives thaandz? can both p.o_p KAMLET 45b
be thought of as measurements, since mathematically (37b) tle = Srft-1 T Bty (45D)
and (37c) possess the structure of measurement equations. The Ky = Py 1O M, (45c)
fact that there is a cross-correlation between the two noise M, = C, P +1CF + Ry. (45d)
processes. andw?, sinceQ!™ # 0 in (19a), has to be taken . h - bl
care of. This can be accomplished using the Gram-Schmidart 2: At this stagez; becomes available. Use
procedure to de-correlate the noise [17], [21]. Insteadvpf (e |X L Y) = p(ap |2, 2h)p(at| X, Yy) (46)
the following can be used L3410 St [ p(ap, o, eh)p(al| Xp, Yy )dal

wy = wy — Blw; (w) ") (E[w]! (w) "))~ wp analogously to part p(z}| X[, Y:) = N(&},, F;j,) where
l in ny—1, n
=w; — wy', 38
¢ = QM@ vl (39) 8l =l + Lol — Apily), (472)
7 H -1 n\T1 _
resulting inE[w; (w}*)*] = 0 and Pi, = Py — LNSLT, (47b)
Q; = Elw(w;)"] = Q) — Q@) 'Q". (39) Ly = Py (A" (N)) ™, (47c)
Using (37b) and (38), (37a) can be rewritten according to N{ = AP Pi(AD)T + GG (47d)

(G} is assumed invertible. The case of a non-invertiGle
is treated in [5])
@y = Ay + Gylwg + Q4 (Q7)THGY) T (=
— Aja)l + fi,
= ALzl + Glwl

(40)
+ GRIGTRN = + 1

where the

Part 3: The final part is the time update, i.e., to compute

P(xi+1|th+1»Yt) =

/ plah |y 2, e (| XP, Yi)dah. (48)

(41) Since the state noise is Gaussian this corresponds to

time update handled by the Kalman filter. Hence,

p(xi+1|Xt75,-1’ }/t) = N(i'i+1|t’ Pt+1|t) where

ql l LAln(mAany—1 gn

Ao AT GQUECN T = A, cleiT e
The de-correlated system is g Li(s - A%i\t% (49a)
T = fi + Ay + GIQUNGEQY) Ty + Gy, (438)  p, = ALP(A)T + GIQUGHT — LN,LT,  (49b)
z = Afay + Giuy, (43b) Ly = ALP, (A7) N, (49c)
2 = Cuwi+er, (43c) Ny = A} Pyy(AD)T + GrQi (G (49d)
which is a linear system with Gaussian noise. Moreover, u

from (37d) and (37e) it can be seen that and Z? are
known if X', andY; are known. The actual proof, using
induction, of the theorem can now be started. At time zero
p(xh| X5, Y1) = p(zh|zl) = N (2}, Py). Now, assume that
p(z}| XD, Y;:_1) is Gaussian at an arbitrary time,
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used. Once the measurement update has been performed the

estimatesii‘t andP,, are available. These can now be used to
calculate the predictions of the nonlinear statg,, ,. These
predictions will provide new information about the system.[l]
Second, this new information is incorporated by performing a
second measurement update using the artificial measuremdat,
z}. Finally a time update, using the result from the second
step, is performed. [3]
Part 1: Assume that both p(z|X}, Y, 1)
J\/(;i:i‘t_l,Pﬂt_l) and z? are available. This means that

p(x!| X, Y;) can be computed,

(4]

n ..l an Y 5
p(x“th’}/t) _ p(yt‘xtaxt)p(mA tor 1t 1) []

_ . (44)
[ p(yelay, ab)p(}| X7, Vi )dat
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